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We compute the normalisation factor for the large order asymptotics of per-
turbation theory for the self-avoiding manifold (SAM) model describing flexible
tethered (D-dimensional) membranes in d-dimensional space, and the e-expan-
sion for this problem. For that purpose, we develop the methods inspired from
instanton calculus, that we introduced in a previous publication (Nucl. Phys.
B 534 (1998) 555), and we compute the functional determinant of the fluctua-
tions around the instanton configuration. This determinant has UV divergences
and we show that the renormalized action used to make perturbation theory
finite also renders the contribution of the instanton UV-finite. To compute this
determinant, we develop a systematic large-d expansion. For the renormalized
theory, we point out problems in the interplay between the limits ¢ — 0 and
d— o0, as well as IR divergences when € =0. We show that many cancellations
between IR divergences occur, and argue that the remaining IR-singular term
is associated to amenable non-analytic contributions in the large-d limit when
€ =0. The consistency with the standard instanton-calculus results for the self-
avoiding walk is checked for D=1.

KEY WORDS: Self-avoiding membranes; instanton calculus; instanton; large
orders; perturbation theory; renormalization; tethered membranes.

1. INTRODUCTION

Flexible polymerized two-dimensional films (tethered or polymerized mem-
branes)(!) have very interesting statistical properties (for a review see refs.

IService de Physique Théorique (Direction des Sciences de la Matiére, CEA and URA 2306
CNRS/SPM), CEA-Saclay, 91191 Gif-sur-Yvette, France; e-mail: david@spht.saclay.cea.fr

Laboratoire de Physique Théorique (UMR 8549 CNRS/SPM, ENS), Département de
Physique, Ecole Normale Supérieure, 24 rue Lhomond, 75005 Paris, France; e-mail: wiese

@Ipt.ens.fr

875

0022-4715/05/0900-0875/0 © 2005 Springer Science+Business Media, Inc.



876 David and Wiese

2-4). In these objects there is a competition between entropy, which
favors crumpled or folded configurations as for polymers, steric interac-
tions (self-avoidance), which tend to swell the membranes, and bending
rigidity which favors flat configurations. Internal disorder, inhomogeneities
and anisotropy may also play an important role, that we shall not discuss
here (see the chapters 10-12 in refs. 3 and 4 for a recent review of these
effects).

If one does not take into account self-avoidance, theoretical argu-
ments (mean-field and renormalization-group calculations) and numerical
simulations show two phases: (1) A high-temperature/low-rigidity crum-
pled phase, where the membrane is crumpled with infinite Hausdorff
dimension, and where bending rigidity is irrelevant; (2) a low-temperature
(flat) phase with large effective rigidity and Hausdorff dimension two.®-9

In the high-temperature (crumpled) phase, steric interactions (self-
avoidance) are physically relevant, and will swell the membrane, as for
polymers. Two scenarios are possible: Either the membrane is flat with
Hausdorftf dimension two (as for high bending rigidity), or it is crum-
pled swollen with Hausdorff dimension larger than two. For large imbed-
ding dimension d a Gaussian variational approximation can be argued to
become exact, predicting a Haussdorff dimension dg =d/2. It is non-triv-
ial whether this swollen phase exists down to d =3. Numerical simulations
indicate that only a flat phase exists in d =3; for details see the discus-
sion in refs. 3 and 4. However, simulations are for rather small systems. It
therefore remains important to have a solid theoretical understanding.

The theory in question is a generalization of the Edwards model for
polymers.(!1%-1D) Tt was proposed in refs. 7-9, and is a model of self-avoid-
ing manifolds (or membranes), hereafter denoted the SAM model. It is
amenable to a treatment by perturbation theory (in the coupling constant
of steric interactions) and to a perturbative renormalization group analysis
which leads to a Wilson—Fisher like e-expansion for estimating the scaling
exponents and the critical properties of the swollen phase.

This SAM model is quite interesting at the theoretical level for several
reasons:

1. It can only be defined as a non-local field-theory over the inter-
nal two-dimensional space of the manifold, with infinite-ranged multi-local
interactions. Therefore the applicability of renormalization theory and of
renormalization group techniques is a non-trivial issue. A proof of pertur-
bative renormalizability to all orders was finally given in refs. 12 and 13.

2. The model is in fact defined through a double dimensional con-
tinuation, where both the dimension of space d and the internal dimension
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D of the manifold are analytically continued to non-integer values. The
physical case of two-dimensional membranes is always in the strong-cou-
pling regime where the engineering dimension of the coupling, e = (2D —
(2—D)/2)d is ¢ =4 for any space dimension d.

3. The analytical study of this model at the non-perturbative level is
still in its infancy, since it is a technically quite difficult problem. A first
step was made by the two present authors for the large orders of pertur-
bation theory in ref. 14. It is this issue of the large-order asymptotics of
the SAM model that we treat in this paper.

For quantum mechanics">-!7) and for local quantum field theories'® (such
as the Laudau-Ginzburg-Wilson ¢* theories) the large-order asymptotics
of perturbation theory are known to be controlled by (in general complex)
finite-action solutions of the classical equation of motion called “instan-
tons”. More precisely the large-order asymptotics are described by semi-
classical approximations around these instantons. We refer for instance to
ref. 19 for a review of this “instanton calculus”.

In ref. 14 we have shown that similarly for the SAM model there
exists an instanton, which controls its large-order asymptotics. This inst-
anton is a scalar field configuration in the external d-dimensional space,
which extremizes a highly non-local effective-action functional, and which
cannot be computed exactly. We also showed that remarkable simplifi-
cations occur in the large-d limit, which suggests that a systematic 1/d
expansion can be constructed to study the instanton, but also that already
the first 1/d correction to the large-d limit is plagued with infrared (IR)
divergences whose origin was unclear. In ref. 14 we only studied the inst-
anton at the classical level, i.e. the (non-local) equation of motion and the
properties of its solution, the instanton.

In this article we present the full semi-classical analysis of the instan-
ton for the SAM model, derive its connection with the large-order asympt-
otics, and study the UV divergences and renormalization necessary for the
instanton. For this purpose, many new calculational techniques had to be
developed, hence the length of the paper and its technical character. More
precisely, the main new results are:

1. We first show in much more details than in ref. 14 how the instan-
ton emerges from the functional integral, which defines the continuum SAM
model. In particular we treat properly and carefully the zero-modes for the
instanton, how the contour of functional integration has to be deformed in
the complex saddle-point method, as well as various normalization prob-
lems for the functional integration. This is done in Sections 3.1 and 3.2.
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2. Using this, we obtain the contribution of the fluctuations around
the instanton in the semi-classical approximation as the determinant of a
non-local kernel operator in d-dimensional space, and derive the normali-
zation factor for the large-order asymptotics (Sections 3.3-3.5).

3. We analyze completely the UV divergences of this determinant,
and show that in the renormalized theory these UV divergences for the
instanton determinant factor are canceled by the one-loop perturbative
counterterm of the renormalized theory, making the final asymptotics UV
finite. This is an important check of the consistency of the SAM model,
since the original proof of renormalizability is only valid in perturbation
theory. (In a field theoretic language it is not a background-independent
proof). This is done in Section 4. Our argument is based on the exten-
sion of the perturbative renormalizability argument to the general case of
ensembles of interacting manifolds in an external background potential.

4. In ref. 14 the instanton equation was solved within a variational
approximation. In sect. V we study how this approximation can be applied
to the explicit calculation of the instanton determinant factor. We first
show that a direct variational calculation gives a result which is too naive,
and does not take properly into account the UV fluctuations. We then pro-
pose a systematic framework to construct an expansion around the vari-
ational approximation, developing ideas that we proposed in ref. 14. We
then show that this framework gives the leading term for the instanton
determinant factor in the large-d limit.

5. We are thus able to construct a systematic 1/d expansion for the
instanton calculus, and show that this expansion is well defined as long
as the SAM is super renormalizable, i.e. ¢ >0 (no UV divergences in per-
turbation theory, apart from vacuum energy terms). The leading and first
subleading terms are computed explicitly for the determinant factor and
the normalization factor of the zero mode of the instanton. These calcu-
lations involve a new non-trivial diagrammatic expansion. This is done in
Section 6.

6. Finally we study the 1/d expansion for the renormalized theory at
€ =0. We show that, at variance with the instanton calculus for local field
theories, some subtle issues arise for the SAM model. Indeed, we show
that already at leading order in d, the limits d — oo and € — 0 do not
commute, and that some care is needed in order to obtain the instanton
determinant factor for the renormalized theory at large d. We then show
that the subleading terms of the 1/d expansion are plagued with IR diver-
gences at € =0, generalizing the results of ref. 14. We analyze completely
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these IR divergences at the first subleading order, and show that many
compensations occur, leaving a single IR-singular term associated with a
single eigenmode for the fluctuations around the instanton, namely the
unstable eigenmode generated by global dilation for the instanton. This
analysis of the renormalized theory is done in Section 7.

To summarize, we have performed a non-trivial check of the consis-
tency of the model, in particular of its renormalization, in a non-pertur-
bative regime, and we have developed the tools to compute the large-order
asymptotics of the SAM model.

Appendices contain more technical computations and details about
the normalizations. In particular in Appendix C we explicitly check that
in the special case of the self-avoiding polymer (D =1) we recover the
large-order asymptotics of the Edwards model obtained by field theo-
retical methods (using instanton calculus and the well known equiva-
lence between the Edwards model and the O(n =0) ¢* Landau Ginzburg
model).?%2D This provides a check of the consistency of the SAM model.

2. THE MODEL
2.1. The Non-interacting Manifold

First we define the model for the Gaussian non-interacting manifold
(free or phantom manifold). Of course this model reduces to a massless
free field, but we reconsider it closely in order to fix properly the normal-
ization for the measure and for the definition of the observables, and for
the treatment of the zero modes.

2.1.1. The Model and its Action

We consider a manifold M with a finite size, as a closed D-dimen-
sional manifold M, with a fixed internal (or intrinsic) Riemannian struc-
ture, given by a metric tensor g=g,,(X). X=(x*; u=1,..., D) describes
(a system of) local coordinates on M. From now on the internal volume
of M, Vol(M) and its internal size L are defined as

Vol(M) =/ d’x .3, L = Vol(M)/P 2.1)
M

with g =det[g]. The manifold is embedded in external (or bulk) d-dimen-
sional Euclidean space R?. This embedding is described by the field r=
{r¢; a=1,...,d}
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MR x—r(x). (2.2)

We shall use dimensional regularization in this paper by considering that
the internal dimension D of the manifold is 0 < D <2 non-integer. See
the reference paper(!®) for a more precise discussion of how we can define
a finite membrane within dimensional regularization. In practice we can
restrict ourselves to the case of a square D-dimensional torus of size L,
Tp=(RP/(L-Z)P), with flat metric g, =8,

We first consider the free non-interacting manifold (phantom mem-
brane). The manifold may fluctuate freely in external d-dimensional space.
Its free energy is given by the Gaussian local elastic term Sy, which is the
integral of the square of the gradient of the field r

Solr] = / l(Vr)2 = /de@lg“"aMrﬁvr. (23)
2 2

This is nothing but the Euclidean action for a free massless field (with d
components) living on M. The manifold may (and does) freely intersect
itself, as does a random Brownian walk in d <4 space dimensions.

2.1.2. The Partition Function

The partition function for the free manifold is thus given by the func-
tional integral

Zo = / DIr] e~ 5ol (2.4)

where D[r] is the standard functional measure for the free massless field r
(see Appendix A for details and the normalization used in this paper).

There is an infinite factor in Z, (the volume of bulk space Vol(R?))
coming from the translational zero mode of the manifold. This can be iso-
lated by choosing a specific point Xy on the manifold and a specific point
ro in bulk space, and by defining the partition function Z; for a marked
manifold

2y = Z(rg) = / D[r18% (r(xo) — ro) e =50l (2.5)

Zy(rp) is IR finite and does not depend on the choice of ry or of xy. We
have formally

Zo = / d%ry Zp(ro) = Vol(R?) Z,. (2.6)
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The partition function Zj is found to be related to the determinant
of the Laplacian operator over M through

Z4(rg) = [det’ [—A]- 2n/Vol(M)]7d/ 2 2.7)

where det’'[—A] is the product of the non-zero eigenvalues of (minus)
the Laplacian operator A =g~1/29,¢*"9, on M. Vol(M) = [dPx /g is
the internal volume of the manifold. This last term comes from the
proper treatment of the translational zero mode of the Laplacian (see
Appendix A).

The determinant det'[—A] is ultra-violet (UV) divergent, and is
defined through a zeta-function regularization (for a manifold M with
non-integer dimension D # 1 or 2 this is equivalent to dimensional regu-
larization)

log(det' [-A]) = —¢'(0), ¢()=t'((=A)7"). (2.8)

The zeta-function ¢(s) is defined by analytic continuation from Re(s)
large. tr’ means the trace over the space orthogonal to the kernel of A.
£ (s), scales with the size of M as

£(s) = [Vol(M)PP/P & (s), (2.9)

where the “normalized zeta-function” Z(s) depends on the shape of the
manifold but not on its size (scale invariance). In the absence of a con-
formal anomaly, as this is the case for the generic case of D non-integer
we have the exact identity

t(0) = —1. (2.10)

(This factor comes from the contribution of the subtracted zero mode in
the determinant). Hence the partition function reads

dQ 2 ef'© "
Zo(r) = [Vol(M)] = DVER | ——1 (2.11)

The last term is a “form factor” depending on the shape of M.
For two-dimensional manifolds (D =2), the conformal anomaly gives
an additional scale factor of the form |Lug|*4/®, where L =Vol(M)V/P is
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the size of M, ug the regularization mass scale, required to define properly
the measure in the functional integral (see Appendix A), and x the Eul-
er characteristics of the membrane. We shall not discuss this any further,
since this is not relevant for the problem treated here, where we consider
manifolds with D <2.

2.2. The Interacting Self-Avoiding Manifold
2.2.1. The Action

The steric self-avoiding interaction is introduced by adding a two-
body repulsive contact interaction term of the form

/ f srx) —r(y) = /Md’)x\/gm /Md’)wgmad(r(x)—r(y)),
xJy

(where 8%(r) is the Dirac distribution in the external space RY) to the
action, which is now

S[r, b]= / l(Vr)2 + é//S”’(r(X)—r(y)), (2.12)
M2 2 JxlJy

where b >0 is the self-avoidance coupling constant. This is similar to what
is done in the Edwards model for polymers.

2.2.2. The Partition Functions

The partition function for the self-avoiding manifold is

Z(ry, b) = /D[r]sd(r(xo)—ro)e*S[f’bL Z(b) = /ddrOZ(ro,b).
(2.13)

These partition functions are defined in perturbation theory, within a
dimensional regularization scheme, i.e. by analytic continuation in the
internal dimension D.

If the internal coordinate X has engineering dimension 1, the external
coordinate r has engineering dimension vy given by (i.e. [r]~[x]"0)

v = 2—D))2 (2.14)
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and the coupling constant » has engineering dimension —e (i.e. [b]~[X]~¢)
with

= 2D —-(2—-D)d/2. (2.15)
As usual in polymer and membrane problems, we shall consider
mainly the normalized partition function 3(b), defined by the ratio of the

interacting partition function for the interacting manifold M, divided by
the partition function for the same manifold M, but free.

3b) = ZMb)/Zy = Z(ro, b)/Z0(ro). (2.16)

Let

= (Vol(M))/P, Vol(M)z/ dPx/g(x) (2.17)
M

be the internal size of the manifold. The normalized partition function has
a perturbative series expansion in powers of b, of the form

30) = 1+ Y 3 (bL)", (2.18)

k=1

where the coefficients 3; depend only on the shape of the manifold, on its
internal dimension D, and on the external dimension d. These coefficients
are given by the expectation value in the massless free theory defined by
the free action Sy of the bi-local operators corresponding to the interac-

tion term
(=D* ;
= Kok // [/ l—[ 8Ur(xi) —r(yi))),  (2.19)
Xk s Yk .

i=1,k

with (...)o the expectation value w.r.t. So[r], see (2.3).

2.2.3. Observables and Correlation Functions in External Space

We shall be mainly interested in correlations functions, which corre-
spond to observables which are global for the manifold (i.e. do not depend
on the internal position of specific points on the manifold), but which
may be local in external space (i.e. do depend on the position of specific
points in the external space). These observables are the simplest ones. In
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particular for the case D =1 (polymers) these observables have a direct
interpretation in terms of correlation functions of local operators in the
corresponding local field theory in external d-dimensional space.

The observables involve the manifold density p(r). We define the man-
ifold density at the point ry, p(ry), as the functional of the field r(x)

pr;n = / 8 (r(x) —r1). (2.20)
X
The N-point density correlator R™)(ry, ..., ry) for the interacting mani-
fold is defined as
N
RN, ... thsb) = /D[r] [[eiine ST (2.21)
i=1

Obviously the one-point density correlator is related to the partition func-
tion (for a one-point marked manifold) by

RW(rg; b) = Vol(M) Z(rg, b). (2.22)
Ratios of density correlators define expectation values of densities. For

instance, the expectation value (ev) of a product of N density operators
p(r;) for a manifold constrained to be attached to a point ry is the ratio

P, 0 = RV o, s )/RD (1o, ). (2.23)
As for the partition functions, it is more convenient to normalize
the density correlators with respect to the partition function for the free

manifold. We thus define the normalization for the normalized density
correlators, by

RNV, .. rvsb) = RN (1, ..t b) /Vol(M) 2. (2.24)

In particular the normalized one-point correlator coincides with the nor-
malized partition function

RO (r;b) = 3(b) (2.25)

and is independent of ry.
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These observables have a perturbative series expansion in the coupling
constant b. In particular they scale with the size L of the manifold as

RNy, ..tyib, L) = LV RN L7, Ly LTV bL)
(2.26)

and

RNy, .. ryib, L) = LNV=DED) ogW)p =%y L0 pLE).
(2.27)

2.2.4. Global Quantities and Gyration Radius Moments

We define the moments of order k for the gyration radius (in short
the kth gyration moment) RS;,), of the manifold by

w0 xS ) =t f
Mo =" T
X1 /X

(2.28)

The standard gyration radius is Rgyr = Rg,)r. The expectation value R(g]?r

of the kth gyration moment Rg;,)r for the interacting manifold is thus (for
k>0)

1
RO — ROy = —// rn—nf RA(r,rn:b). (229
oyr = (Rgyr) Vol M2 r2|1 2| (r,r;b).  (2.29)

2.3. UV Divergences and Perturbative Renormalization
Using dimensional regularization, the perturbative expansion for the

partition function and the observables is known to be UV finite for

2D

0<D<2 and D<e 1le d< .
2—D

(2.30)

As long as we deal with finite-size manifolds (L < oo), perturbation theory
is free from IR divergences (which occur for infinite manifolds since per-
turbation theory is made around the free-manifold theory, which is a free
massless scalar field in D <2 dimensions).
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The perturbative expansion suffers from short-distance (UV) diver-
gences when

D<e (2.31)

These UV divergences come from the short-distance behavior of the expec-
tation values, which appear as integrands in the integrals, when the dis-
tance between several points X; and y; goes to zero. Using dimensional
regularization these divergences appear as poles in € (d being fixed), or
equivalently as lines of singularity in the (d, D) plane.

As proved in ref. 13, these UV divergences can be studied within a
multi-local operator product expansion (MOPE) which generalizes Wil-
son’s OPE of local field theory. As a consequence, these UV divergences
are proportional to the insertion of multi-local operators, and are amena-
ble to renormalization theory.

The MOPE formalism and dimensional analysis show that for 0 <e <
D there is a finite number of divergences, with poles at

€ = D/n, neN;. (2.32)

These divergences are proportional to insertions of the identity opera-
tor 1 (with dimension 0). The model is super-renormalizable for € >0 and
these divergences are subtracted by adding to the action a local counter-
term proportional to the volume of the manifold (i.e. to the integral of the
identity operator 1).

AS(r) f 1 = Vol(M) . (2.33)

These divergences and the corresponding counterterm are constant terms,
independent of the configuration of the manifold, i.e. of the field r, and
they disappear in the observables given by ratios of correlators such as the
ev (p(r))---p(ry))y, and the normalized correlators RV,

For € =0 the model has an infinite number of divergences. These
divergences are proportional to the insertion of the two operators pres-
ent in the original action S. This means that the theory is renormalizable,
and that it can be made UV-finite by adding to the action counterterms
of the same form than those of the original action. In other words, one
can construct in perturbation theory a renormalized action

Z (b, b€ Zp(by
Su(F: bey 1) = % f wn? + MTb() / f 54((x) — 1(y)).
X xJy

(2.34)
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where b, is the dimensionless renormalized coupling constant, Z(b;) and
Zp(by) the wave-function and the coupling-constant renormalization fac-
tors, and u is the renormalization momentum scale, while r(x) is now the
renormalized field. This renormalized action is such that the renormalized
correlation functions

N
RNy, ..t b ) = / DIl [t e S oem (235

i=1

have a perturbative series expansion in b, which is UV finite for € >0 and
stays finite for ¢ =0. For a finite manifold with size L the renormalized
perturbation theory is still IR finite.

From the standard arguments of renormalization group (RG) the-
ory the renormalized theory describes the universal large-distance scaling
behavior of self-avoiding manifolds. One can write RG equations which
tell how the observables scale with the size of the manifold for € >0. When
expressed in terms of the renormalized observables and the renormalized
coupling, these RG equations have a regular limit (at least in perturbation
theory) as € — 0,. As a consequence one can construct an e-expansion a
la Wilson-Fisher for the scaling exponents.

2.4. Effective Non-local Model in External Space

As shown in ref. 14, to study the large-order behavior of the SAM
model as well as its large-d behavior, it is necessary to reformulate the
model as an effective non-local model for an auxiliary composite field V (r)
in the external d-dimensional space.We recall this reformulation.

2.4.1. Auxiliary Fields and Effective Action

First we recall the auxiliary field p(r) (local manifold density) defined
in (2.20),

p(r) = / 84(r(x) —r) (2.36)
XxeM

and its conjugate field V (r), which is the Lagrange multiplier for the above
constraint, such that

1 = | D[VID drv [ — | & —D 2.37
/ V] [p]exp(/ (v | o) /M t0-n|). @37
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p is a real field, while V is imaginary, and has to be integrated from —ioco
to +ioco in the functional integral. Equivalently the functional measures
for p and V are formally

/D[p]=/0m1:[dp(r>z/_21j[dp<r>, /D[V]=/_i:1:[ oo
(2.38)

We now insert (2.37) in the functional integral. Since the interaction term
can be written as

/ / 54((x) —1(y)) = / (1), (2.39)
X y r

the integral over the field p is Gaussian and can be performed explicitly.
We obtain for the partition function

Z(b)=fD[r]D[V] exp [—/X G(er)erV(r)) + %/fV(r)Z]
(2.40)

Note that the functional measure D[V] over V[r] is now normalized so

that
/D[V] exp (i/V(rﬂ) =1 (2.41)

and depends explicitly on the coupling constant b.

This functional integral describes a free (not self-interacting) manifold
fluctuating in a random annealed potential V(r). This is a simple general-
ization of the reformulation of the SAW problem into a random walk in
a random annealed potential.

Now we integrate over the field r(x) and define the effective free
energy Faq[V] for the non-interacting (phantom) manifold M in the exter-
nal potential V(r) by

1
exp (= FuV]) = f DIr] exp [— / (5<vxr>2+v<r>)] (2.42)
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We are left with the effective action for the field V, Sy4[V], which is given
by

1
SmIV] = FmlV] - 5 / V(> (2.43)

and is a non-local functional of the potential V. The partition function is
now given by a functional integral over the potential V alone

Z(b)

/D[V] exp [— FmlV]+ 2—1b/V(r)2}
/ DIV] exp[— SmIV]]. (2.44)

2.4.2. Correlation Functions for Global Observables

The same transformation can be used to compute the density correla-
tors R™Y) and the corresponding correlation functions as ev of observables
with the effective action S[V]. Indeed inserting a density operator p(r) in
the original functional integral (2.13) over r(x) amounts to insert a func-
tional derivative with respect to the conjugate field V(r) in the functional
integral (2.44) over V(r).

1)
o) — T (2.45)
so that
(V) ) ) °
Ry, ....tv50) = | D[V] eXP[_FM[V]]gv(rl) sV ()
1 2
X exp [% /rV(r) i| (2.46)

For instance the two-point correlator is

RA(r1,12,b)
1 1
=/D[V] [ﬁ V(rpV(n) + E(Sd(l'l —rz)] o~ FMIVI+(1/20) [,V (0)?
1

1
=7 Z(b) (V(r)V(r)) + ESd(rl —n). (2.47)
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Similarly, for the moments of order k of the gyration radius (defined by
(2.20)) we get (for k> 0)

1 1
o _ 1 o
Rer = 37 Vol /rl /rz'” ol (VD V) (248)

where ( ) denotes the average over V with the effective action Say[V]
given by Eq. (2.44).

3. LARGE ORDERS OF PERTURBATION THEORY AND INSTANTON
CALCULUS

3.1. Instanton and Large Orders in Quantum (Field) Theory
3.1.1. Instanton Semi-classics

To fix our normalizations let us first recall the basics of instanton
calculus in quantum mechanics and quantum field theory. We consider a
model defined by the functional integral over a field ¢(r) with a classical
action S[¢] and a (dimensionless) coupling constant g. The partition func-
tion is

7 = /D[¢]e_(l/g)s[¢]. (3.1

The functional measure D[¢] over ¢ is defined from the so-called DeWitt
metric G on classical field configuration (super)space. We choose it to be
local and translationally invariant, so it must be of the form

13 13
Gaog.50) = 7 [ a'risg P = 3L 15913 (32)

|| -1, is the Ly norm. This metric depends explicitly on an (arbitrary) nor-
malization mass scale fio=fo/./g. The corresponding measure over field
(super)space is (formally) D[¢p]=][], d¢(r)v/detG. It is such that

/ Dlp]e“a/20) ) 6% — 1. (3.3)

(Note that the factor of g has been introduced for convenience, to have
the same functional dependence on g for the measure in (3.3) and the
Boltzmann factor in (3.1).)
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We assume that there is a classical vacuum (field configuration) ¢
which minimizes the action S, which is constant (¢g(r) =¢g) and which is
unique (no zero modes around the classical vacuum). In the semi-classical
approximation the contribution of ¢g to the partition function is simply

7 classical vacuum o—(1/)SIg0] (Det [S//[¢0]/M%])_l/2 , (3.4)

where S” is the Hessian operator, with kernel

82S[¢]

S7[@l(r1, 1) = m

(3.5)

Now we assume that there are also instanton configurations which con-
tribute to the functional integral. These instantons are non-constant field
configurations ¢, (r; z%), which are classical solutions of the field equa-
tions, and thus local extrema of the action S, i.e. S'[¢inst]=0, with a finite
action Sjnst = S[dinst]- In general, the set of instantons with action Sj,g
is a finite-dimensional subspace, called the instanton moduli space. We
denote z={z% a=1,m} a (local system of) collective coordinates on the
m-dimensional moduli space of the instantons with action Sj,s. The col-
lective coordinate z must include the position of the instanton fi, (d
moduli), its size if the action S is scale invariant, and in addition the inter-
nal degrees of freedom of the instanton if needed.

The contribution of the instanton to the functional integral is also
given by a semi-classical formula. We must separate the integration over
the instanton moduli space M, from the integration over the field fluctu-
ations transverse to the moduli space M., since the Hessian S”[¢i,s] has
now Sipst zero-modes 9, Pinst = (APinst[z]/9z). The moduli space integration
is then done explicitly. For that purpose, we must consider the restriction
of the metric G to the instanton moduli space M. The corresponding
metric tensor gy, in the coordinate system z is defined by

0 Dinst

ldgunst|? = dz*dhap(@),  dgims = =73
Z

dz, (3.6)

where d¢in 18 an instanton fluctuation. Hence the metric on moduli space
is

a‘pinst
d9z¢

a¢m> Mg /acfamt(r,z) i (12 5
r

hap (@) = ( azb "~ 2nmg az4 azb
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and the corresponding measure is du(z) =d™z+/det(h). The contribution
of the fluctuations orthogonal to the moduli space M. is evaluated by the
saddle-point method. The final result for the contribution of the instanton
to the partition function is

~1/2

7 mmen [ m, det(hab(z))e“”g)s["’imd(det’ [S”[abmst]/u%]) :
M;
(3.8)

where det’ [S”[@inst]] is the product of the non-zero eigenvalues of S”[Ging(].
The det(h) gives a power of the coupling constant g~"/2, where m is the
number of instanton zero-modes.

Similarly, let us now consider the expectation value for an observable
O[¢], for instance a product of fields O =¢(ry)---¢(r,). The expectation
value is given by

) = 5 [Dwloe Vo (3.9)

The contribution of the (translationally invariant) classical vacuum to (O)
is simply

classical vacuum

(0) Ol¢o]. (3.10)

The contribution to (O) of the instanton ¢, is obtained from

[ Dlg] (Ol¢o + ple~ /&S0 Fe] 1 Oghnge + ple™1/&)SPins +91)
- [ Dlg] (e~ /&S00l 4 o= (1/2)Sgimsi+o])

(0)
(3.11)

This expression is rather symbolic, since we have not written the integral
over the 0-mode of the instanton. Since Sy < Sinst, We have Sp/g < Sinst/ &,
for g— 0. Thus the leading term of (3.11) is given by (3.10), and the sub-
leading one is the contribution of the instanton, which (up to exponen-
tially small terms) reads

(0) ﬂ d"z, /det(h(z))(o[(ﬁinst[z]]_0[¢0])e*(l/g)(5[¢inst]*5[¢o])
M,

y (Det/ [S”[¢inst]/ué]>l/2
Det [S”[¢0]/13]

(3.12)
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One can check that the ug dependence disappears (remember that the
moduli metric & depends on p() as long as there is no scale anomaly
coming from UV-divergences in the ratio of the two determinants of the
Hessians.

3.1.2. Large Orders of Perturbation Theory and Instantons

We now recall the basic argument which shows how the large orders
of perturbative series obtained by functional integrals are related to instan-
tons.

We assume that the observable 3(g) has a series expansion for small
positive coupling constant g and is in fact an analytic function of the cou-
pling constant g in a complex neighborhood of the origin away from the
negative real axis (i.e. for |g| small enough, |Arg(g)| <), but with a dis-
continuity along the negative real axis (JArg(g)|=m).

Its asymptotic series expansion is written as

3 = Y g (3.13)
k=0

The large order (large k) asymptotic behavior of the coefficients 3; can
be estimated by semi-classical methods. Indeed, using a classical dispersion
relation, 3; can be written as a Mellin—Barnes integral transform of the
discontinuity of 3(g) along the cut (see Fig. 1)

d
3 = /c—gg_k_13(g)

21

too g
= D[ Begrio =3 —ie L,

_ ¥ teodg iy :
= (=D A Im[3(—g +i04)] (3.14)

with C a counterclockwise contour around the cut (3 is assumed to be real
for real g >0).

For large positive k this integral is dominated by the small g behav-
ior of the discontinuity, where semi-classical methods are expected to be
applicable. Indeed, it turns out that for small real negative g, the discon-
tinuity of 3(g) is dominated by the contribution of a complex instanton
(the real part of 3(g) is still given by the contribution of the real classical
solution). Therefore the small g behavior of Im[3(g)] is of the form

Im[3(-g+04)] = Clglf e 1™ [1+0(IgI")] (3.15)
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Im(g)

Integration path

N

0
/ Re(g)

Discontinuity

Fig. 1. Contour integration in the complex coupling constant plane for the large orders
asymptotics.

with A a number (corresponding to the instanton action Sj,g), @ a (pos-
itive) constant given by power counting (in QM and standard local field
theories @« = 1), C a number related to the determinant of the Hessian
operator of fluctuations around the instanton, and B a constant related to
the number mq of zero-modes of the Hessian (in standard local field the-
ories S =1+m(/2). (See Appendix C for details on the polymer case.)

Given (3.15), the integral (3.14) can be calculated: Changing variables
from g to x:=g~“, we obtain

3 = (—)FE /Oo X G—p)/a 1~ Ax
oam Jo X

= (- 1)’< A<f‘ "Wr(k ﬂ) (3.16)

o

where T' is Euler’s gamma function. Note that since (3.15) is valid for
small g only, this result is valid for large k. Using Stirling’s formula I'(n) >~
n"e ",/2m/n, this amounts to

k/a —B/a
3k=(=DF [5} [Ae] P/ [5] < J/Z4n [1+o(1/&%)]
o o Ta k

(3.17)
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and for a=1

3 = (=DXKF [Ae)fF kP %/2% [1+0(1/k")]. (3.18)

It is an alternating asymptotic series with a Borel transform with non-zero
radius of convergence.

3.2. Instanton for the SAM

We are thus interested in the analytic structure of the partition func-
tion and the correlators of the SAM model for small negative coupling
constant b

b <0, b—0. (3.19)

In particular we are interested in the discontinuity along the negative real
axis. As shown in ref. 14 this can be done more easily by first rescaling
the fields and the size of the manifold with » in an adequate way.

3.2.1. Complex Rotation and Rescalings for Coupling Constant
and Fields

We consider a finite manifold M with internal size L defined as
Vol(M) = LP. (3.20)

We are interested in the model for small complex coupling constant b, and
more precisely in the discontinuity of the observables along the negative
real axis (b <0 real), where there is a cut.

We denote the argument of the coupling constant b by 6

0 =Arg ). (3.21)

To reach the cut at negative b from above or below amounts to taking the
limit

0 — =+, |b| fixed. (3.22)
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We now rescale the internal coordinate of the membrane x and the
field r with the size L of the manifold and the modulus |b| of the coupling
constant

X — [p|/P=OLD/D=O o, |p|2=D)QD=) | 2=D)D/QAD=E)),.
(3.23)

so that we now deal with a rescaled manifold M, with internal size and
internal volume

size(M,) = |b|~V/P=OL=€/(D=6) " Vol(M,) = |b|~P/(P=) [ ~eD/(D=€)
(3.24)

Similarly we must rescale the auxiliary fields p and V as
p — bI"ILPp, vV = pTR/P-0 DDy (325)

The purpose of these rescalings is that as the original coupling constant
b goes to 0, the effective theory for the auxiliary field V becomes simple.
Indeed it appears that both terms in the effective action S[V] now scale in
the same way, as will be detailed now.

Coupling Constant. Let us denote by g the inverse of the volume of
the rescaled manifold

1
_ — |p|D/(D=€) [ De/(D—e) 326
g Vol(My) |b| (3.26)

g is the (dimensionless) effective coupling constant of the theory, which is
real and positive and goes to 0 with |b| as long as € < D.

Partition Function. The original partition function (for the manifold
M) becomes for the rescaled theory involving the manifold M;

—i0
Zm, (b) = /D[r]D[V] exp —/ <1(er)2+V(r)) 4+ ¢ /V(r)2
M 2 2g Jr

—i6
_ /D[V] exp (— Fal[V]+ & /V(r)2>. (3.27)
2g Jy

Due to (3.26) both terms in the exponential scale as Vol(M;)=1/g.
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Functional Measure. The functional measure over the rescaled field V
is now normalized so that

—i6
/D[V] exp (ez—g/rV(r)z) -1 (3.28)

Correlation Functions. The moments for the gyration radius of the
manifold become in the rescaled effective theory

k 2, 1 \(2-D)@2d+k)/2)-2D
Rgyr = b7 L7 (Lg“‘) I =2l V() V()
nJn

o k(2—D)/(2(D—¢))
—e 216 <|b|LD) f f |r1—l’2|kV(r1) V(rZ)
frJn
Hence

k M _ _
Riyr = 720 LK=DI/2 gh=D)/CD) / / In=nl V) V).
r Jn
(3.29)
L is the internal extension of the original manifold M. This has the

correct dimension LK with vy = (2 — D)/2, since [R®]=[r]* and [r]=
[x]?=D)/2 Note that there is no additional phase for § =+.

3.2.2. Semi-classical Limit and the Effective Action S[V]

Now come the crucial points:

1. As long as
e<D

taking the semiclassical limit »— 0 amounts to taking both the small cou-
pling limit g — 0 in the rescaled theory and the thermodynamic limit (infi-
nite volume) for the rescaled manifold

b—0 & g—0 and Vol(M;)— o0

for the rescaled manifold.
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2. In this thermodynamic limit the free energy Fa4,[V] becomes pro-
portional to the volume of the manifold

Faq,[V] = Vol (M) E[V] + --- (3.30)

The free energy density £[V] is defined as

1

E[V] = li _
V] vmmltrgaoo Vol(My)

Faq, V] (3.31)

in the limit where the size of the manifold M; is rescaled to oo, and its
shape kept fixed. In this limit, the manifold M; becomes locally a flat
D-dimensional Euclidean space R?:

M, — RP. (3.32)

The free energy density £[V] is independent of the size and of the shape of
the manifold and it is enough to compute it for the infinite flat manifold.

3. Moreover — and this is an important point — as long as we are
interested in the contribution of potentials V such that the manifold is
“trapped” in V (namely such that the free energy density £[V]<0 is nega-
tive, i.e. such that there is a “bound state” in V) the neglected terms + - - -
are expected to be exponentially small in 1/g.

4. Finally, since
1
Vol(M;) = — (3.33)
8
in the limit g — 0 the functional integral takes the standard form

Z(b) #=° / D[V] exp [— ésm] (3.34)

where g is given by (3.26), the measure is given by (3.28) and the effective
action S[V] for the field V is given by

—if
S[V] = 5[V]—eT / V2 (3.35)

E[V] is the free energy density for an infinite flat manifold trapped in the
potential V, and is given by (3.31).
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3.2.3. The Functional Integral for Negative b and the Instanton

We are interested in the imaginary part of the partition function Z(b)
for b along the negative real axis, that is for

0 - +m. (3.36)

In this limit the effective action S[V] for the rescaled theory is real
1 2
S[V] = &[V]+ 3 1% (3.37)

and the measure over V is also real, since it is normalized such that

/D[V] exp [—i /vz} = 1. (3.38)

It is now the standard measure for a real white noise with variance g:
(V(rpV(r)) = gdé(r—r). (3.39)

Thus we can chose for integration measure over V the standard measure
over real V(r)

o0 dav()
/D[V]QZ:I:JT = /;001:[ \/W—d(()) (3.40)

The instanton V™! is a non-trivial finite action extremum of the
action S[V] and was found in ref. 14. The saddle-point equation is

_48[V]

Y0

=V + M)y, (3.41)

where p(r) is the manifold density at point r

1
Vol(M)

p(r) = dPxs(r—r(x)) (3.42)

and from now on we drop the index at M;. (---)y refers to the expec-
tation value for the phantom manifold trapped in the external potential
V(r), that is with the action

/ dPx (1 (VxD)? + V(r)). (3.43)
M 2
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The “classical vacuum” is V =0 (free manifold). The instanton VI™t is
a configuration of potential which is negative (potential well V(r) < 0),
spherically symmetric, with V — 0 as |r|— oo. The solution of the instan-
ton equation and its properties have been studied in ref. 14.

3.3. Contribution of Fluctuations Around the Instanton
3.3.1. Instanton Zero Modes
The Hessian matrix (second derivative of the action) is

82E[V]

STVhe = Syimsvi

= 8 =) + (p(rDpM))™.  (3.44)

The instanton has d translational zero modes, corresponding to the posi-
tion of the center of gravity ry of the instanton. Thus the Hessian has d
zero modes

Vazero — VaVinSt, S//[V]_Vazero = 0. (3_45)

According to the previous analysis, see Eq. (3.2), the metric on the inst-
anton moduli space M=R9, ds?> = hg, drgdrg, is

/ ddr (Vvinst)2 (3.46)

(using rotational invariance). Therefore the measure over the instanton

position ry is
1 N2
dr, dir (Vyinst
0 [2;1 gd / ( )

Hence the contribution of the instanton to the partition function will be
(depending on whether 6 = Arg(b) =+m)

1
hab — ddrvazerovbzero — (Sab

1
2w g 2w gd

d/

instanton d
Z(h) «—Cy. / d?ro
2nd g

dj2
/(%V)Z] e~ (1/9)S1V] [det/(S”[V])]_Wz)
r
(3.47)

with C1 a simple factor (usually 1 or an integer for a real instanton) giv-
ing the weight of the instanton in the functional integral.

One might also expect zero-modes associated to the rotational invari-
ance of the theory. Such modes would indeed appear for a non-rota-
tionally invariant instanton solution. As it will turn out, the instanton is
rotationally invariant, such no such zero-modes exist.
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3.3.2. Unstable Eigenmode

However, as expected for a theory with the wrong sign of the cou-
pling and as shown in ref. 14, the instanton has one unstable eigenmode
V~(r). Thus the Hessian has one negative eigenvalue A~ and its determi-
nant is real but negative: det’(S”) <0. Therefore we expect that the factor
C. will be complex.

In fact, as this is the case for the instanton in the local ¢* field the-
ory, the real part of Cy is not unambiguously defined, but depends on
the resummation procedure used to define the contribution of the classical
saddle-point V =0 in the functional integral (this is known as the Stokes
phenomenon). However, the instanton gives the dominant contribution to
the imaginary part of the functional integral, and one can show that

instanton = a2
tm{Z)] <=~ s [ d"fo[ 1 /(W)z} e VM et (s V)|
2nd g J;
(3.48)

with the weight factor D

DL = F (3.49)
This result can be obtained by a more precise analysis of the respective
position of the integration path and of the instanton solution in the space
of complex potentials V(r) e C as 6 is rotated from 0 to £z, using the
steepest descent method. This is shown in Appendix B.

3.4. Final Result for the Instanton Contribution

The final result for the imaginary part of the partition function at
negative coupling is

1 1 L i
ImZ®b)=F~ [d° vV 2| e~ /OS]l det’ (S” 2
mZ(b) ¢2/d rO[ang/,( V) ] e |det’ (S"[V])|

(3.50)

depending on whether Arg(b)==rn. The infinite bulk volume factor [ d‘r
disappears (as it should) in the normalized partition function 3=2/Z7

dj2

1 'O o )
Im3(b)=F5¢~"/" [67 /(vvﬁ} /DS | det’ (s7TvY)| 712,
r

(3.51)
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where ¢/(0) was defined in (2.9). One must remember that
= (|b|L=€)P/ P~ (3.52)

and that r is in fact the dimensionless rescaled field T=r (|b| L") —22-D)/QD=e))

=r(gL”? )_(Z_D)/ @D defined in (3.23). We thus obtain for the discontinuity of
the partition function Z(b) for a marked manifold with a fixed point (as defined
by Eq.(2.13))

1 _se-py2 —ap | 1 212 a2
ImZ®) = — L7 - — [(VV
m Z(b) T3 8 [27”1 /r( ) }

xe~OSVT |get’ (8"v])| 712 (3.53)
For the N-point correlators R™N)(ry, ..., ry; b) defined by (2.21) the result
is more complicated since the r;’s are rescaled in the process b — g.
However he result takes a simple form for global quantities such as the
moments of the radius of gyration of the manifold Rg;)r_ (Rg;)r) defined
by (2.28)

_ [ k=D)2=D)/2 *d/D+k(2 D)/2D) ,—(1/8) S[V]

1
T3
1 . dj2 1
x [ /(VV) ] |det’ (S"[V]) |

|r1 —n V(l'l)V(fz)} : (3.54)

(k) _
Im Ry =

X

3.5. Large Orders

In the rest of this article, we shall denote for simplicity
S :S[VinSt], D = det/ (S[Vinst]) ,
| /2
£=log®), W= [2 yi /(vvmst) } ) (3.55)

If no UV divergences were present at € =0, the final result at e =0 would
be

1
mZ(b) = ¥ L72D |p|¥/C=D) o= (/IBDG g3 15|~ 1/2, (3.56)
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Using the the arguments of Section 3.1, in particular the dispersion rela-
tion (3.14) and (3.18), the large-order asymptotics for the perturbative
expansion of Z(b)

Z(b) = szbk (3.57)
k=0

would be (e =0)

4 1
Ze ~ (DI k= —— ) — L7297 /2 gWC-DN-k (3 58)
2—-D) 2xn

or equivalently (e =0)

Zk ~ (_1)/{1-\ (k_2_£> LL—4d/(4+d)QU|@|—1/2 62+d/2_k
2) 2 ’

T
(3.59)

indicating that the Borel transform of Z(b) has a finite radius of conver-
gence &. Of course the instanton normalization 20 |9|~1/2 depends also
on d.

4. UV DIVERGENCES AND RENORMALIZATION

We now discuss the UV divergences in the determinant factor for
the instanton, and how they are renormalized. We remind the reader that
at one loop in perturbation theory, for 0 <€ < D there is a divergence
associated to the operator I (super-renormalizable case); for € =0 two
divergences associated to the operators (Vr)? and 8¢ (r(x) — r(y)) (renorm-
alizable case). For € <0 the theory is not renormalizable. The model is
always considered for D <2 and € is given by

ezzn—‘é(z—o). @.1)



904 David and Wiese

4.1. Series Representation of the Determinant for the Fluctuations

The Hessian matrix §” is given by (3.44). We rewrite it as

J;N

rnr

= ]1r1r2 - (O)rlrz, ]lrlrz = ad(rl _r2) (42)

conn

_ . 1 dfy. d(y.
Orr, = /\/111—1}11&0 Yol oMD) le /XZ (89 (i —rxp)s (2 —r(x2))y, .~ (4.3)

where V is the instanton potential V™!, O can be rewritten, using transla-
tional invariance X — X +Xo when M — RP and the saddle point equation
for the instanton potential V

conn

Oryr, = /R Dde(ad(rl —r(0))8 (2 —r)),,
= [ dPx o7 (=08 (=00}, = (57 (1 =1 O)y 5 (12 =rC0), ]
= /RDde [(8%(r1 = r ()8 (r: —r(x))),, = V)V (r2)]. 4.4)

Let us already note that such an integral is IR finite, since from clustering
we expect that at large distances

(Sd (r1 — r(x))Sd (r2 — r(y)))i/onn = (’)(exp(—|x — y|m)) when |X —y|— oo,
4.5)

where m is the “mass gap” of the excitations for the manifold trapped in
the instanton potential V. _

We have seen that the operator S” has d zero modes V7™ oV, V™St
which, as discussed in Section (3.1), are eigenvectors of O with eigenvalue
Ao=1, and one unstable eigenmode V —, which is an eigenvector of Q with
eigenvalue A_ larger than 1. For convenience, we normalize its L, norm to
1. Let us denote PV the projector on the zero-modes, and P~ the projector
on the unstable mode

Plon = Yo VirmVom)

YVeVV
_ YOV B, = VomVo() (4.6)

I, (V’v)2
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and P the sum
P =P +pP. (4.7)

Apart from these eigenvalues, it is easy to see that all other eigenvalues of
O are smaller than 1, but positive. Indeed, from Eq. (4.3), O is a positive
operator, since for any f(r)

conn

1 2
O f = VoIlD <[/Xf(r(x))} > > 0. (4.8)

1

To compute the determinant of the fluctuations we treat separately the
negative and zero modes from the rest. We write the logarithm of det'[S”]

£ = log(det'[S"]) = log1—A_) + tr[I—P)logI—0)]. (4.9

The first term is the contribution of the unstable mode (it has an imag-
inary part), the second term is the contribution of all other modes with
0 <A < 1. In this last term we can expand the log and obtain a conver-
gent series

o0
£ = log(l—a_) — Z%Lk, Ly = t[(I-P)0O'] = tr[@k]—d—kk_,
k=1
(4.10)

provided that each term is UV finite (that is the trace is well defined).
We now show that only the first two terms k=1 and k=2 are UV
divergent, and require renormalization.

4.2. UV Divergences
4.2.1. UV Divergences in r and in x Space

UV divergences in the determinant are expected to come from the
high momentum eigenmodes of S”. If we consider a potential V = Vst 4
V., with V. a high momentum fluctuation, we expect that a phantom
manifold trapped in V will feel only weakly the small wavelength varia-
tions of V, so its free energy £[V] will depend only weakly on V.. The
other term [d?rV2(r) will be dominant in the variation of the effective
action S[V]. As a consequence, high momentum eigenmodes of S” will
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have eigenvalues close to 1, that is will be eigenmodes of O with very
small eigenvalues A — 0.

Therefore UV divergences will come from the contribution of the
numerous eigenvalues of O close to 0, that is from the divergence of the
spectral density pg(A) of the operator @ at A =0. We shall show that
po(r) diverges as A/P—3, and that

tr[Q] is UV divergent if e <D, tr[0?] UV divergent if e =0
4.11)

and that higher powers tr[Of] (k >3) are UV convergent.

The tr[-] amounts in our representation to an integral over r in bulk
space R?. UV divergences will occur as short-distance singularities in r
space. We shall also see that to analyze the UV divergences it is more
convenient to come back to the equivalent representation of O in x space
(internal manifold).

4.2.2. tr[O]
This term is given by

tr[Q] = / dr Oy (4.12)

and is UV divergent for € < D because we expect that

5. 2(e-D)
Op =~ r=r|"T2 0 as r—r = 0. (4.13)

The crucial point (to be proven later) is that the short-distance behavior of
Oy for a manifold in the background potential V(r) does not depend on
the details of the potential V, and is given (at leading order) by that of a
free manifold in a constant potential (V(r)=Vp). We can compute explic-
itly Oyp in that case and find Eq. (4.13).

Using (4.4) we can rewrite tr[Q] as an X-integral over the manifold
M, and integrate explicitly over r, with the result

a{0] = [ d?r [, dPx [(64(r = r0x0)) 8 (r = 1)}, = V(0?]

(4.14)
= [ydPx [(5d(r(x)—r(x0)))v _ frV(r)z].
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It contains the integral of the correlation function
(89 (re0 —r(xe))),, (4.15)

for a phantom manifold (i.e. without self-interaction) trapped in the inst-
anton potential V(r). The choice of the “origin” X, is arbitrary, since
(4.15) depends only on X —Xo (translational invariance in M =RP).

This integral is IR convergent, as can be seen from Eq. (4.5). UV
divergences occur if the X-integral is divergent at short distances on the
manifold, i.e. for [x—Xg| — 0. The correlation function (4.15) is very sim-
ilar to the two-point correlation function which appears at first order in
the perturbative expansion of the self-avoiding manifold model, and more
precisely for the normalized partition function 3(b)

b
30)=1-3 / (54(r00 — 1)),
X,y
b2

+3 (89(ro0 —r(y)) 84 (r(xy — r(yh)), + O%). (4.16)
Xy, Xy’

One therefore expects that the renormalization group counter-terms at
leading order, which subtract the leading order UV-divergences in (4.16)
are also sufficient to render (4.14) finite. That this is indeed the case will
be shown below.

4.2.3. tr[0?]

Similarly, starting from (4.4), we can rewrite trfQ?] in term of two
“replicas” of the manifold, labeled M; and M3, fluctuating independently
in the same instanton potential V (without interactions). If we denote
r(x) and ry(x) the r-fields for the two replicas, we have

tr[@z] == /ddr/ddr/ @rﬂ@ﬂr

=fddrfddr/f de/ dPy
M I

x| (61 =1 (x0)3! (' =11 000, = VOV (1)
x[(84(r" = r2(yo)) 8 (r —ra(y)), — V(*HV (1]
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- / dPx / dPy =<5d(r1(xo)—rz(y))de(rl(X)—rz(yo))>
M M, v

2
—Wmawvmamv—mewvmwmv+£/wﬁ}}
r
4.17)

The choice of the origins X¢ and yy on the two manifolds M; and M, is
arbitrary.

This integral is IR finite by the same arguments as those for tr[Q].
UV divergences are only present in the first correlation function

(6% (r100) —r2) 8% (1 00 = 1290)) ), (4.18)

very similar to the correlation function which appears at second order in
3(b), see Eq. (4.16). We shall see that UV divergences occur when

X— Xg, Y— Yo simultaneously (4.19)

while the other terms (V (r(x))V(r(xo))), are not singular.

4.2.4. trlO¥], k>3

We can similarly write the higher order terms. At order k we need k
copies M, of the manifold M, fluctuating in the same instanton potential
V(r). The most UV singular term in the x-representation of tr[Q¥] is

k
d
/@ dDX<l_[8 (ra—l(oa—l)_ra(xa)>v (420)

o a=1

(where we identify o =0 with « =k), that we can represent graphically as
a “necklace of k manifolds”. The reference points o, on each M, can be
chosen arbitrarily, for instance fixed to the origin. UV divergences occur
when all pairs of points (04, X,) collapse simultaneously on each M.
These terms are in fact UV finite for e =0 (see Fig. 2).
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Fig. 2. Diagrammatic representation of the UV divergent correlation functions at order k=1
(one manifold), k=2 (2 manifolds), and k=3 (3 manifolds).

4.3. MOPE for Manifold(s) in a Background Potential

In refs. 12 and 13 the UV divergences of the self-avoiding manifold
model have been analyzed using a Multilocal Operator Product Expansion
(MOPE). This formalism was developed to study the correlation function
of multilocal operators of the form (2.19),

(T T8 (rexi) = ray) )y 4.21)

where the expectation values (---)O are calculated for a free manifold
model (V =0). We show here how this formalism can be adapted to deal
with expectation values ( ~-)V for manifolds trapped in a non-zero back-
ground potential V (r).

4.3.1. Normal Product Decomposition of the Potential V

In order to compute easily expectation values of operators in the
background potential V, we shall use the normal product formalism
already developed in ref. 14.

For simplicity we consider a potential V (r) spherically symmetric (as
the instanton potential) with its minimum at r=0, of the form

o

U n 13 2

Vi = Zzn_’;y (rz) , U= m(z) >0 mo= “bare mass”. (4.22)
n=0

We may (at least formally), compute expectation values of operators

(~ --)V in perturbation theory, starting from the Gaussian potential V(r) =
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(m3/2)r* and expanding in powers of the non-linear couplings {vi, k >2}.
This perturbation theory involves Feynman diagrams with massive prop-
agators 1/(p? +m%). It is more convenient to resum all tadpole diagrams
and to deal with an expansion of the potential V(r) in terms of normal
products (rz) .- The normal product :[ ];, with the subtraction mass
scale u is deﬁned by the global formula (expanded in kK, it generates all
operators which are local powers of r)

0, = KO (4.23)

where G, is the tadpole amplitude evaluated with the propagator of mass
“,

d’p 1 F(@=D)/) p
G, = = 4.24
g Q2m)P p?+ 2 (4m)P/2 (29

Thus we rewrite the potential V(r) given in (4.22) as
— &

V() = Ot (f2 n:m. 4.25
") n}_oﬁ Sy (1) (4.25)
The mass scale m used to define the normal product :---:, is defined self-

consistently from V so that it coincides with the “renormalized mass” in
(4.25)

g1 = m. (4.26)

This gives a self-consistent equation for m in terms of V(r) (or its Fourier
transform V (k))

1 d9k -~ 2
2 2 —(k*/2)Gp
m- =—— k- V(k
2m)d (kye

1 r2
=-= QrG)~4? /ddrV(r) (1 — W) 126w (427

m m

All other couplings go, g2, &3, etc. in (4.25) are then uniquely defined from
the potential V. We rewrite V as

2

— m-.2. 22, 4 2,3.
V(r)_go+7.r +UMm, Um= 222, (ro)”: 233' (ro)y’i 4. (4.28)
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and we shall treat the non-linear terms U (r) as perturbation. The expec-

tation value of a (multilocal) operator O(Xy,...,Xg) can be expanded as
o
(=N
(O X))y =)
N=0

N
></HdDzi(O(xl,...,XK)U(21)~--U(ZN))fnonnemd, (4.29)

i=1

where (---) is the expectation value in the massive free theory (U =0).

In this new perturbative expansion there are no tadpole diagrams.
This makes the diagramatics much simpler. In addition many simplifica-
tions occur in the limit d — oo, as already noted in ref. 14.

4.3.2. MOPE in a Harmonic Potential

First we consider the case of a potential quadratic in r, which is espe-
cially simple. The potential reads

2 2

2
m m m
V(r)=v0+7°r2:g0+7:r2:m, mo=m, v():go—dTGm.

(4.30)

The field r is still free but massive with mass m and the propagator is

dD p giP(X—y)

(27.[)D pz +m2
D-2

! [L] ’ K b2 (mlx—yl), 4.31)

Gm(X_Y) =

~ 2 |X—y|

where K, is the modified Bessel Function.

It is simple to study the short-distance limit of products of local and
multilocal operators in this massive Gaussian theory, using exactly the
same ideas and techniques as for the free massless case (m =0) developed
in ref. 13.

OPE for the Massive Propagator G,,. We express the short-distance
expansion of multilocal operators in terms of the expansion for the
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massive propagator.’

Gn(x—Yy) = co(D)mP=2 — dy(D) |x —y*~P
+e1(DYymP [x—y|? — di(Dym* |x—y|*P ... (4.33)

The coefficients ¢, c1, dp, di, are finite as long as D <2 and are given by

") pyoa®,

D)y=——F7-+
D)= 2D
r(%) a
0(D)
do(D)=-—"—57 1(D) 34-D) (4.34)
Note that
1 27 P2
D) =G pys, M S =157
= volume of the unit sphere in R”. (4.35)

This expansion follows itself from the OPE for the product of two r fields
in the massive theory, which reads

XP1 yP2
rOOr’(y) = —x—yPF P d(x—yPm?) 6P 1+ Y S = vPavrty,
ot p1! p2!

(4.36)

3The expansion is easily obtained from the proper-time integral representation of G,,(x), by
expanding the integrand in m? to get the analytic terms in m?, and in x> to get the analytic
terms in x2:
d’p [® I, 1 o0 2 245
— pX ,—(p~+m=)s _ - —D/2 ,—x=/(4s)
Gm(X)—/ (ZN)D/O dse'Pe " A_(47r)D/2/(; dse ™ s e (4.32a)
_P24D)/2) op I'((—4+ D)/2)m?
= 4zon X 167 0/2
+non-analytic terms in m? (4.32b)
B mP-2
" @m)P?
+non-analytic terms in |x|? (4.32¢c)

X[*=2 + 0 (m*

1 mP 2 4
F(l—(D/Z))—ZWF(—D/Z)\XI +0(X")
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where the coefficient d(|x —y|?>m?) has an (asymptotic) series expansion in
X —y[Pm?

d(x—yPPm?®) =do+di X —y|*m* +do|x —y*m* + - -

and where the normal products :---:p with respect to the zero mass means
that the operators V°rV°r are defined through dimensional regularization
(see below).

MOPE for §%(r; — rp) and tr[O]. We first consider the short-distance
expansion for the operator 84 (r(x) —r(y)), which enters in tr[Q]. Using the
definition (4.23) for the normal product we can write it as

4 (r(x) — _ [ 4K kam—ryy
SUrex) —ry)) = omi ¢
d
d kd (G ©=Grx-y)) K001y,
2m)

(4.37)

The last bilocal operator is regular at short distance (when X — y) and
can be expanded in X —Vy as

~ 1
HIOTW):, = 1(@) = Skaky O =y =y") V' Vo @ + -,
(4.38)

where z= (x+Y)/2 and the subdominant terms are of order O(|x —y|*)
with higher derivative operators. We insert (4.38) into (4.37) and integrate
over k to obtain

84(r(x) —r(y)) = @)~ Y2 [G, (0) — Gy (x —y)] /P
Sap (XM =YX =Y") O 4o b L
<10 o By T @ |
(4.39)

We now use the short-distance expansion (4.33) of the massive propagator
G, (X—Y) and insert it into (4.39) to obtain

84(r(x—r(y))) = (4m dp)~ /P |x—y|c2P

(145 o Peyi? = S Sy ) 1
~ Sap Xy (X YY)
4 dolx—y]*P

Vvt @), + - ] )
(4.40)
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|e—D

In (4.40) we can regroup the two terms of order |x —y as

" __yH Vv __ gV
(4 dO)_d/2|X—y|E_D |:€C—lmD]](Z)_L x y ) (X y )

2 dy 2do x—yP2 :V,LrV,,r(z):m].

(4.41)

Note that the OPE (4.40) is a relation between operators, and is valid for
any choice of the mass m used to define the normal product. Thus the
term (4.41) can be rewritten as the normal ordered operator :VrVr:y with
subtraction mass u=0

-y -y
4dy x—yl?

(4 do)~* |x —y|<P [— :Vﬂrvvr(z):o].

(4.42)
Indeed we have the relation
Vurivlie, = Vvl — 288,,mP ¢ (D) 1. (4.43)

Since this relation will be crucial to prove renormalizability, let us show it
explicitly. From the definition of the normal product we have

Vurtvhe = Vvt — (vt (4.44)
for any m, hence

ViVt iVttt = — ((VertVur?), — (Vb)) L
(4.45)

The right hand side is easily calculated using the OPE (4.33) for the prop-
agator G, itself, since

O m = 8% Gux—y). (4.46)
This yields

a
a b a b ab
(Vur*vyr )m —(Vurv,r )O =34 mayv [Gn(X—=Y)—Go(X—Y)] —

= —28%5,,mP /(D). (4.47)
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Note that the massless propagator Go(x —y) is IR divergent but the IR
divergent term is constant (independent of X —y) and disappears in (4.47)
because of the x derivatives. Hence we obtain (4.43).

Thus we have obtained the first three terms of the MOPE for the §
operator in the U =0 background

84(r(x) —r(y)) = (4rdo(D))~ @D |x —y|~2P

. TR S
x[1—4(4_D)m X—Vy|"+ }]l(z)

— 7t (ddo(D))~1+d/D |x —y|e—P=2

(4.48)

X (XK —yH) (XY —=y") iV rVpr g+ .

The same argument can be used to construct the higher orders of
the MOPE. They involve higher dimensional operators of the form O, =
:VPIPVP2rVP3r .. 2 (since the operator 8¢ (r(x) —r(y)) is invariant by trans-
lation r—r4ry the O, must contain only derivatives Vr, that is p; >0,
and by parity in r the O, must be even in r). They give subdominant pow-
ers of [x—y| of the form m2|x —y|¢~2P+2k+2; (p;=1+D/2),

Finally let us stress that the two first terms of the MOPE (for D <?2)
are the terms of order |x —y|*2? and |x —y|*~? and that they are the
same as for the MOPE for the free membrane, that is for m =0. This will
imply that the (one-loop) UV divergences (single poles at e =D and € =0)
due to this MOPE in the massive theory (self-avoiding manifold in a har-
monic confining external potential) are canceled by the same counterterms
as for the free theory (self-avoiding manifold with no confining potential).
These counterterms are proportional to the operators 1 and (Vr)2.

MOPE for 89(ry —r2)8%(r; —rp) and tr[Q?]. The reader familiar with
the techniques of ref. 13 will see that the same arguments can be used to
construct the MOPE for general products of local and multilocal opera-
tors in the m#0, U =0 background.

Let us concentrate on the MOPE for two § operators, which enters in
tr[0?]. We are interested in the short-distance expansion (X — Xo, Y — Yo)
for the product of two bilocal operators

89(r1(x0) — ra(y)8¢ (r (x) — r2(yo)), (4.49)

where r; and r, belong to two independent manifolds M; and M. As
above, we write the §’s as a Fourier transform of an exponential and
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reexpress it in terms of normal products

d d d’kid’ks i(ky[ry (xg)—r2()1+ka[r 00 —r2(¥o)])
89 (r1(Xo) — r2(y))8“ (ri (x) — ra(yo)) = 2 e LT 2RV R0

d d
_ [ 4ERIAK 1 6 2 )l 00-290)) - K1 Ka G (XX G (-0 ] (33 G (0)

(271,)211

Note that there are no cross-terms, as those proportional to G(x—Y), since
x and y belong to different manifolds, thus r;(x) and ry(y) are uncorrelat-
ed. We now keep the dominant term for the OPE when X — X and y — g

el Kiln o) —n o)kl O —roD. — . i(ki+k)lrnxo)—roD. 4 ...

(the neglected terms contain subdominant V7r’s), rewrite this term as

(KRN0 =10, — ,i(ki+k)[N (X0)=12(Yo)]) o (Ki+k2)* G (0)
and integrate over k; and k; to obtain

d d
/ d7ki d2 Ka itk o)l 00)~1200) . K1Kal2Gom (0= G (Xg—X) G (y—y0)]
(2m)2d

dy qd |’
_[4 kdzjz( K 0012 (Y], (2 4K D)2G (01-Gin (X~ X)-Gon YY)
(27)
(4.50)

with k=Kk; +k; and k’=(k; —k»)/2. The leading term is obtained by drop-
ping the factor of k?/4 in the second exponential (the neglected terms give
subdominant §" (r; —r,) terms). This allows to do the integrations explic-
itly

89(r1(X0) — r2(¥))8(r (x) — ra(yo))
~(4m) 2 [2Gn(0) = Gu(X—X0) — Gu(y —Y0)™*  (4.51)
x 8 (r1(Xo) — r2(¥0)) -

From the short-distance expansion (4.33) for G,,(0) — G,,(X) the most
singular term when both X — Xy and y— Yy is

89(r1 (xo) — ra(y))84 (r (x) — r2(yo))

_ _ —d/2
[IX—XoI>~2 +1y —yol> 2]

- d - DRI
B (4rdo(D))d/2 8 (ri(x0) = r2(yo)) + -+ . (4.52)
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Thus we have obtained the leading term for the MOPE in the harmonic
background U =0, m #0.

This leading coefficient given by (4.52) is the same as for the free
membrane (V =0). The same calculation can be done for the MOPE of
two §’s on the same membrane, and we get (at leading order) a MOPE
with the same coefficient

89 (r(xg) — r(y))8 (r(x) — r(yo))

X —Xo[2~L 4y —yol2~P]
_l 0'(4nd0|(yD))3;‘;|2 ] 3(r(xo) = r(yo)) + -+ (4.53)

This implies in particular that the (one-loop) UV divergence (single pole
at € =0) due to this MOPE in the massive theory (self-avoiding mani-
fold in a harmonic confining external potential) is canceled by the same
counterterm as for the free theory (self-avoiding manifold with no con-
fining potential). This counterterm is proportional to the bilocal operator
S(r—r).

MOPE for Higher Order Terms and tr[OX]. The same analysis can
be performed for the product of three &%, in particular 89[r;(xo) —
r2(Y)]89[r2 (o) — r3(2)]8%[r3(z0) — r1(X)], which has to be considered for the
quantity tr[0%]. It shows that the leading singularity when X — Xo, Y — Yo,
Z— z( is given by the same MOPE as in the free theory, with the same
leading coefficient. No additional UV divergences arise. The same result
holds for higher order products of §’s.

4.3.3. MOPE in the Anharmonic Potential

We now generalize this analysis to the SAM model in an anharmonic
confining potential.

General Discussion. The perturbative expansion involves now interac-
tion vertices given by the expansion of the local potential U(r). For D <
2 and as long as no bilocal §(r —r’) operators are inserted this perturba-
tion theory is UV finite. The only UV divergences that occur when D — 2
are given by the tadpole amplitudes G,,, but they are subtracted by the
normal product prescription :---:,,. Thus as long as the normal ordered
potential V is finite (i.e. its coefficients gy =m?2, g1, g3, etc. are UV finite)
the “vacuum diagrams” are UV finite. Since we deal with a massive theory
no IR divergences are expected.
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Fig. 3. Two contributions to tr(Q) at first order in perturbation theory, associated with the
insertion of one :r(z)*:.

Now we have to consider insertions of the bilocal 8¢(r —r’) operators,
and thus to look for instance at

N
/ dPydPy [TdPzi (5400 —ry)U @) - U@w)y " (@4.54)

i=1

The UV divergences which may occur when |X —y|— 0, while the other
distances remain finite, have already been analyzed with the MOPE in the
harmonic case. We have seen there that when some z; come close, no UV
divergences occur. The only dangerous case is when some z’s, X and Yy
come close at the same rate. Thus we must study the short-distance expan-
sion of a product of local operators (the U’s) and of multilocal opera-
tors (the §’s), in the massive theory. This short-distance expansion can be
studied by the same MOPE techniques as above. Let us first give a simple
explicit example.

Example. To be explicit, we first regard as an example the simple case
of the contribution to tr(Q) given by one of the terms of (4.54) with only
one U(z), and more precisely one quartic term :r(z)*:. The arguments for
higher powers in r or higher orders in perturbation theory will be identi-
cal. Following (4.14) the crucial term to calculate is

/ dPx / dPy (84 (rx) —r(y) r@*) . (4.55)
M M

Applying Wick’s theorem we can decompose it in terms of multilocal dia-
grams such as those depicted on Fig. 3. More explicitly this term can be
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written as

dPk | .
D D iK[FO)=r(Y)] .prn4.
/Md X/Md y/—(zn)d <e Ir(2) .>m
dPk | . 2
_ D D ik[r(x)—r(y)] _ 2
_/Md X/./\/ld y/ Qm)d (e ’ >m (klroo—rlr@;,)

o1 D D / D / d _
Vol /Md fod y Md z <3 (rx) r(y))>
[Gm(X_Z)_Gm(y_Z)]4

[Gm(0) = G(x—y)P
N [Gn(X—2) — Gu(y —2)]
= fx,yeM 80N [ ot G — G —P

X

(4.56)

We now derive an important bound. First of all, due to the triangular
inequality

(r(y) — r(2))* < (r(x) — r(y)) + (r(x) — r(2))* (4.57)

Gm(o)_Gm(y_Z)<2Gm(0)_Gm(X_y)_Gm(X_Z) (458)
leading to
Gn(X=2) = Gu(y—2) <Gp(0) —Gp(X—Y). (4.59)

An analog relation is valid with x and y exchanged, resulting in a bound
for the absolute value. The right hand side is thus also positive and we get
the bound for the ratio

Gm(x_z)_Gm(y_Z) <1
Gm (0) - Gm (X_y) .

(4.60)
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We now want to show that the counter-terms remains the same. Using
(4.60), we can write the bound

D D zk[r(x)—r(y)] . 4.
[ [, 00 [ vt

/ 30V [Gn(0) = G (x — )P
X,yeM

Xf [Gm(x—z)—Gm(y—zq4
zeM Gm (0) - Gm (X _Y)

/ 3OV [G (0) = G (x — )P
X, yeM

\

<

x Vol(M). (4.61)

The latter bound is already enough to show that no additional counter-
terms proportional to the elastic energy are necessary. It would also be
sufficient for the perturbation expansion of tr(Q%). However, we can do
better and show that there is no divergence at all. To do so, we now esti-
mate the integral over z. Two domains of integration have to be distin-
guished:

S: z—ﬂ'§a|x—y|
L: z—% >a|X—Y|

« is chosen large (to be specified below), but finite. The integrals over z
are bounded by

f [Gm(x—z>—Gm<y—z>T<f [Gm(x—z>—cm(y—z>}4
zeml Gm®)=Gux—Yy) | ~ Jres| Gu(0)—Gu(x—y)

+/ [Gm(x—z>—cm<y—z>}4
verl Gu(0)—Gux—y) |-

(4.62)

Using (4.60), the first term is bounded by

/;€S|: Gn(0)—Gr(x—Y) = 7eS S(alx—yph~. (4.63)
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In domain £, analyticity of the propagator allows the bound

Gm(X—Z) _Gm(y_z)
Gm(o) - Gm(X_Y)

x=—»VG(X—2) _uynD-1
G () — G —yy | S92 (X =YD

X d]

(4.64)

We do not give a rigorous proof here, but it is clear that o should be
sufficiently larger than 1 (say 10), which allows to establish a value for ay,
itself depending on «, but saturating for large «. The constant a, is cho-
sen in order to bound VG, (x —z) by its maximal value on M, which has
to scale with m by power-counting in the way given above.

We are now in a position, to put everything together.

The integration over the distance s:=Xx—Yy (which contains the possi-
ble UV-divergence) can now be written for small s as follows (we drop all
constants for simplicity of notations)

ds p 2Dy 50-p) sl for S
= b . 4.
/ S s¥ xs X S X D1 for £ (4.65)

The factor of s” comes from the integration measure; s~ %4 is the
leading UV-divergence in F(X,y); the next factor s?¢~2) is the short-dis-
tance scaling of [G,,(0) — G, (X —y)]2, and the remaining factors have been
established in (4.63) and (4.64), respectively. Using e =2D — (((2— D)/2)d),
this can be rewritten as

(4.66)

ds . s22=D) for S,
— 8 x
s sb for L.

As long as D <2, all integrals are UV-convergent in the limit of € — 0.
Thus no additional counter-terms are needed. The only possible UV-diver-
gence is when first taking D — 2 before € — 0. Note however, that this
divergence only effects the contribution to the free energy (proportional to
the counter-term 1), but cancels in all properly normalized observables.

General analysis. We now consider the MOPE for the operator with
one 84(r—r') and P=Y_ p; fields r

l

N
0.y, zi) = 8/t —r(y) [ [:r" @)im (4.67)

i=l



922 David and Wiese

when the N +2 points X, Y, z; — 0. The generating functional for these
operators is

N ddk ) N
Sd(r(x) —r(y)) 1_[ :eQiF(Zi):m: e KICO—=r(y) 1_[ :eQir(Zi):m
i=1 i=1
dik KO-+ qir()
=[] —:e i :
(2m)d "

_kz[Gm (0)_Gm (X—Y)]'l‘% Z q:9; Gm (Z[_Zj )'H Z kql [Gm X=2;)-Gn (y—Z; )]
xe i# i

(4.68)

Expanding the normal ordered operator in X, y and z, using the short-dis-
tance expansion for the propagator G,, and integrating over k we get the
MOPE. We see that in this MOPE for (4.67) local operators appear, of the
form

A = MVv2rvier, 0OKMLP, rj>0. (4.69)
The dimension of the operator (4.67) is dim[O]=¢€¢ —2D + P(2 — D)/2,

while the dimension of (4.69) is dim[A]= (M + Q)(2 — D)/2 — R, where
R=>r 7= Q. Hence the coefficients in the MOPE
J

Ox.y.zi) = »_ C(X.y.zi:m)A(0) (4.70)
A

scale as
c{(Sx, Sy, Szi;m) ~ SwCQ(x,y,zi;m)+---, 4.71)
where

w=dim[0] — dim[A]=€ — 2D+(P — M)(2— D)/2+ Q(4— D)/2+(R — Q).
4.72)

There will be short-distance UV divergences if the integration over the
N +1 independent positions X, z; is not convergent. This occurs if

2-D 4-D
DIN+1)+0<0= e+ DN —1)+ (P~ M)=———+0-——+R-0 <0.

(4.73)
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The case N =0 has already been studied. When N > 1, since P > M and
R > Q we see that as long as D <2 the condition (4.72) is satisfied only
if e=0, N=1 and P=M. Let us look at what this last condition means.
P =M means that all the rP in O appear in A, namely that no combina-
tion of propagators of the form [[[G, (X —2;) — Gu(y —z)][[G(z; —zk)
appear in the coefficient C of the MOPE, which therefore depends only on
X —V. In other words, this particular coefficient comes from the product of
two independent expansions

1. The N=0 MOPE  &4(r(x)—r(y)) — |x—y|<2P1
2. The trivial OPE  []:r?i(z;): — :rf: with coefficient 1.

1

and contains no connected diagram with propagators connecting any of the
z;’s to X or y. Thus this apparent divergence is not real. It is part of the
N =0 leading divergence at e = D and disappears in the connected expec-
tation value (---8(r(x) —r(y))U(r(z)) - - - yconnected

All other coefficients of the MOPE have scaling dimension w, which
satisfy the inequality (4.72). No additional UV divergences occur beyond
those which appear already for the free manifold and the manifold in a
harmonic potential, even when € =0.

The same argument can be developed when there are two § operators
and several U’s. One can show that when considering the short-distance
expansion of

8(r(xo) = ryos? ) —rym [ Jueo [ [U ).
i J
X1, X; —> X9 and yi, yi = Yo 4.74)

bilocal operators are generated by the MOPE. Power counting shows nev-
ertheless that no additional UV divergence appears beyond those already
studied for x; — X, Y1 — Yo while all other distances remain finite.

This is sufficient to prove (at least at one loop) that the counterterms
which make the SAM model UV finite at ¢ =0 also render the SAM in a
confining potential UV-finite, as long as D <2.

The limit D — 2. It is interesting to notice that there is a potentially
divergent term when € =0 and D — 2, which corresponds to

N=1, Q=R=0, 0<M<P arbitrary. (4.75)

(We have already seen that the case M = P is not relevant). This fact is not
unrelated to the following observation. In the MOPE (4.48) for the single
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bilocal operator §(r —r’), the third term, which is a subdominant term in
the MOPE of the form
S roo—ry) - mix—y P

is not UV divergent if D <2, but when D — 2 it becomes of the same
order as the divergent term

e —ry) - x—ylPuvn*
and is potentially dangerous when D — 2. Since this term depends on m,
it depends linearly on the potential V(r), like the N =1 terms that we con-
sider here. It would be interesting to study this more.

Since Q = R =0, this means that there are no Vr involved in the
MOPE and we are only interested in the terms of the MOPE of the form

1) —r(y) rP(2): — (o), 0<m<p. (4.76)
It is quite easy to compute the corresponding coefficients. We find

3 (ro) =r(y)) @z — (@4m)= [G(0) = G (x =)™/
x e (@ /(G X=2-Gn(y-2)/ GO Gy (1@,

4.77)
hence at short distances

5d(l’(X)—I’(y)) :eoll’(Z):m s (47_[ do)—a'/z |X_y|€—2De—(0tzd0/4)H(X,y,Z) :eoll’(Z):m
(4.78)

with the function H(X,Y, z) defined as

(x—z>P —|y—z]>-P)’

Ix —y|?=P

H(X,y,2) = (4.79)

or, after averaging with weight exp(a?J/4)

81100 — r(y) /" @,
— (4mdy) ™ [x—y| 2P
X [1 = JdoH (X, y, )| "4/? 1/ P @U—JdpHxy 2, (4.80)
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4.4. Renormalization

4.4.1. Explicit form of the UV Divergences for the Determinant
det'(S"[V1)

From the definition (4.14) of trf[Q] as an X integral and the MOPE
(4.48) for 89(r—r'), we see that the x integral (4.14) has short-distance UV
divergences if € < D. The usual rule of dimensional regularization

1
/dDX x| = Sp P + finite terms, (4.81)

D —

implies that tr[Q] has an UV pole at € = D, proportional to the insertion
of the identity operator 1, i.e.

tr[0] = Co

D (1), 4 regular terms at € =D, (4.82)
c—

(of course (Il),, =1), with the residue Co given by
Co=Co(D,d)=8p[4n do(D)]"/? . (4.83)

Sp is the volume of the unit sphere in R? and do(D)=1/(2 — D)Sp the
coefficient of the first subleading term in the OPE of G(x); they are given
in (4.34).

Using dimensional regularization, tr[Q] is analytically continued to
0 <e < D. The next term in the MOPE gives the UV divergence at € =0,
hence a pole given from (4.48) by

1
tr[Q] = ¢y - (:(Vr)2:o)v + regular terms at e =0 (4.84)
€
with residue

ci=ci(D,d)=-8 [47dy(D)]> . (4.85)

P4Ddy(D)

Similarly, trf@?] has an UV pole at € =0, given from (4.52) by

tr[@z] = C l (6% (r; (xo) — r(Yo)))y + regular terms at e=0 (4.86)
€
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with residue

1 r(D/2-D))

—d/2
—-DT(2D/(2- D)) '

C,=Ca(D, d) =3§2 [47dy(D)] (4.87)

Here r; and r, are associated to two independent copies M; and Mj of
the infinite flat manifold M. Thus we have

84(ri(x0) —n2(Yo)))y = / dr (84(ri(xo) — 1)y (89 (r2(yo) =)y

_ / AP,

where p(r) is the manifold density in bulk space. Using (4.10) and the dis-
cussion of Section 4.2, we see that the logarithm of the determinant of the
instanton fluctuations £=1og(®) has a UV pole at ¢ =0 given by

1
£ = log (det'[S")) = - (—c1<<Vr>2>V -2 f ddr[(p(f)>v]2) + Lus.
(4.88)

where £ys 1s the UV finite part of £, obtained by subtracting the UV
pole of £ at € =0; hence the “MS” (for minimal subtraction) subscript.

4.4.2. Renormalized Effective Action

We now study how the perturbative counterterms modify the effec-
tive action S[V] used in the instanton calculus. For this purpose, we now
repeat for the renormalized theory the transformation S[r]— S[V] and the
rescalings performed for the bare theory in Sections 2.4 and 3.2.

Renormalized Original Action Sien[r]. The renormalized action for the
SAM model is according to ref. 13

Sten[r] = 20 (VF(X))2+M// 5 (ro) —r(y)) (4.89)

2 xeM X,yeM

b; is the dimensionless renormalized coupling constant and p is the ren-
ormalization mass scale. At one loop the counterterms Z(b;) and Z(b;)
are found to be

C 1¢C
Z(by) = l—br;‘, Zy(by) = 1+br§?2 (4.90)
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with C; and C, the same residues as those obtained above in (4.85) and
(4.87). We first rewrite the renormalized action as the bare action S[r] plus
the “one-loop counterterm” AjS[r].

Sren[r] = S[I’] + AlS[r],
1 bt
St =5 [ (Vrooy?+ 2 / / 54(1(X) — 1Y),

xeM X,yeM
cr 1 b2uc C
ALSI = —be = = [ (Vr(x)? + 22 / f 5(r(x) — r(y)).
€ 2 Jxem 4 « x,yeM

(4.91)

Note that (Vr)?=:(Vr)%:o+d 8P (0)1 and that in dimensional regularization
8P 0)=0.

Renormalized Effective Action Sin[V]. We repeat the transformation
of Section 2.4 to pass from the action S[r] to the effective action S[V] for
the effective field V (r), keeping A1S[r] as a perturbation. We thus arrive
at the representation for the renormalized partition function Ze,(b;)

1
f DIl exp(—Srenlr]) = / DIAD[V]exp (— / [§<Vr>2+v<r>]

+ ! / V2= A[r]
2,1 )y :

= /D[V] exp (—FM[V]

_l.

b€ /er> (exp(=A1S[MD)y . (4.92)

We now perform the same rescalings and the same rotation in the complex
coupling-constant plane as for the bare theory (see Section 3.2):

1 2-D
2(D—e)

X —> <|br|;fLD>m X, r— (|br|,fLD) X, 0=Arg(by)— +n.
(4.93)

Starting from a finite manifold M with size L (volume L?), we end up
with a rescaled manifold M; with volume Vol(M;) and renormalized
effective coupling g,

1

__D _ De_
ZW’ Vol(My) = |by|” D= [Lu] D=< . (4.94)

8r
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The functional integral becomes

—10
Zren(br)—/D[V eXp( /V2> (eXp (—A&S[r]))v
r

(4.95)

A’ ST —br[—&l/ vr? + gr o //ad } (4.96)

As in Section 3.2, 6 = Arg(b;). We are interested in the semiclassical limit
b — 0. Since this limit is a thermodynamic limit, where the volume of the
manifold Vol(M;)=g~ ' o0, it is natural to assume that clustering takes
place (since for the instanton configuration the manifold is confined in the
potential V). We may thus approximate the contribution of the counter-
term by

(exp (=A1S[rD), = exp (—(A&S[r])v) 4.97)

up to terms exponentially small in g;. The last expectation value is

1
(AVSIT), = brVol(M) <—§%<(Vr(o))2>v

eiggr Ca d
— - . (4
; x(a (r(0) r(x)>v (4.98)
Now we easily check that
. —€
biVol(M,) =br/gr=e" (/" L) (4.99)

and that when € =0 it reduces to ¢! =(1). The first expectation value in
(4.98) ((Vr)z)v is of order O(1). The study of the second expectation value
is slightly more subtle. We write

d .
/M de<8d(r(o)—r(x)>V: (;17')‘0[ /M de<e1k<f<°>*f<X>>>V,
A 3 (4.100)

From clustering we expect that what dominates is the large-|x| regime
where

<eik(r(o)fr(x))>v _ <eikr(o)>v<efikr(x)>v = (p(K)), (p(=K)), (4.101)
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and where (k) is the Fourier transform of the manifold density p(r), see
(3.42). So we finally obtain

d N dik . .
g / s/ —r00) = grVol(M) f Gyt POy (A0}

= [townr (4.102)

also of order O(1). (4.100) contains an UV-divergence when X — 0 and
this will give a double pole when € — 0 in (4.98), but this divergence is
of order b;Vol(M;)gr >~ gr. This is in fact a two-loop divergence that we
do not have to consider here.

The final result is that we can rewrite the renormalized functional
integral (at one loop) as

Zren(by) = / D[V] exp (—gLS[V]—ei"gﬁ‘e/D)wmmﬁ[V])
(4.103)

with S[V] the bare effective action (3.35) and A;S[V] the one-loop count-
erterm for the effective action

cp 1 Cy el

e 2 2 c 2
mstvy = =23 oon?) + 25 / (). (4.104)

This amounts to state that the renormalised effective action Sep[V] at one
loop is

SienlV] = S[V]+€?g PP (uL)= A1S[V], (4.105)

with S[V] the original bare effective action (3.35), and A|S[V] given by
(4.104).

4.4.3. One-Loop Renormalizability

It is now easy to show that the renormalized action for the SAM
model which makes perturbation theory finite at one loop makes also the
determinant factor for the instanton ® =det’(S”[V™!]) UV finite at € =0.

Instanton Contribution in the Renormalized Theory. If we evaluate the
renormalized functional integral around the instanton saddle point Vinst
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by the saddle-point method, we see that the contribution at one loop of
the instanton in the bare theory (in (3.53) and (3.54))

e—“/g)SW]|det’(s”[V])|‘“/2) = o~ WaSIVI-U/2R(D) (4 106)

is replaced in the renormalized theory by

¢~ /80SWV] | det! (S"[V )|~V esr /T by a1 SV]
= ¢~ (1/80SVI=(1/2)Re(Lren) (4.107)

where the “renormalized trace-log” of the instanton-fluctuations’ determi-
nant Lren =10g2(Dyen) is simply (from now on we set 0 =+)

1 —€
Erf:n = £-2 (gr" ML) A1S[V]. (4.108)

Limit ¢ — 0 and UV Finiteness. From Eq. (4.104) for the counterterm
and Eq. (4.88) which gives the UV poles of £, one easily checks that £ren
is UV finite when € — 0. It is given in this limit by

1
Lren = LMms — (Bloggr—i-log(pLL)) B, when e=0, (4.109)

where £yg is the UV-finite part of £, as defined in Eq. (4.88), and the
coefficient B is (minus) the residue in (4.88)

_ 2 ) 2
B_C1<(Vr) >V+ 5 /rV(r) . (4.110)

(We used the instanton equation (p(r))y + V(r) =0 to simplify the last
term).

Finally it is shown in Appendix E that for the instanton potential V
we have

(VD2)y = —d (1 — %)_1 S, /rV(r)z — 2 (1 _ %)_1 S,

(4.111)
where G =S[V] is the instanton action. Hence for e =0 we have

B=(—-dC1+Cy 6. (4.112)
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UV pole at ¢ = D. A similar calculation shows that the counterterm
which subtracts the perturbative UV pole in Cy/(e — D) also subtracts the
leading divergence for the instanton. This justifies our use of dimensional
regularization to deal with this divergence.

4.5. Large Orders for the Renormalized Theory
4.5.1. Asymptotics

From these results we can easily obtain the large-orders asymptotics
for the renormalized theory at € =0. The semiclassical estimate (3.56) for
the discontinuity of the partition function Z(b) becomes for the renormal-
ized partition function Zep(by)

1 o _
Im Zren(by) = F 5 L 2D |p | C=D) o= (/1D i3 |, ]/
| . _ B _ _
=:F§L 2D |br|(4/(2 D))+(B/(2D)) (uL)Z e (l/lbrl)GmI'@MS] (1/2)

4.113)

with ©ys =exp(£ms). The large order asymptotics for the renormalized
partition function

o0
Zienbr) = Y ZF b (4.114)
k=0

arc
4 B
ZE o (DT k= — —
e =D [ 2-D 20}
X% 12D (ML)% W [Dys]~ 2 @/ C-D)+B/@D)~k
(4.115)

and the analog of (3.59) obtained by using d/2=4/(2— D) —2 at ¢e=0.

4.5.2. Discussion

From these semiclassical estimates we expect that the Borel trans-
form of the renormalized theory still has a finite radius of convergence,
given by the instanton effective action &. We also see that as in ordinary
QFT, renormalization at ¢ =0 implies a dependence on the renormaliza-
tion scale u, an anomalous dependence on the size L of the manifold



932 David and Wiese

(anomalous dimension) and an anomalous power dependence in the
renormalized coupling constant g,. These anomalous dimensions are given
by the factor B, which combines the perturbative anomalous dimensions
C1 and C» with the instanton action &.

5. VARIATIONAL CALCULATION

In ref. 14 we used a Gaussian variational approximation to compute
the instanton V2! and its action SI’'. Moreover we showed that the var-
iational method was a good approximation for the instanton in the limit
d — oo (for fixed €), and the Oth order of a systematic 1/d expansion. We
computed explicitly the first correction in the 1/d expansion, and showed
that for the instanton action SISt it was finite when € — 0.

We apply the same strategy here to compute the fluctuations around
the instanton, namely the determinant factor

82E[V]

—det'(S")=det'(1—0), Opp,=—— il
D=det (@) =det(=0). Onn==3p 55V

(5.1)

We first recall briefly the principle of the variational method. Then we
present a direct calculation of ® using a variational estimate for Q. We
show that this method does not treat properly the fluctuations and thus
the UV divergences. We then present a calculation of © based on the var-
iational method and the reorganization of the perturbative expansion at
large d already used in ref. 14 and in Section 4.3.

5.1. Variational Approximation for the Instanton

We first briefly recall the variational approximation developed in ref.
14. We use a trial Gaussian Hamiltonian H,[r] of the form

Hyrjal[r] = / dPx B(VF)2 + %(f—fo)M(f—fo)], (5.2)
M

where the variational parameters are the position of the instanton ry and
the variational mass matrix M = (M) (a symmetric real d x d matrix).
The variational approximation for the free energy of the manifold M in
the potential V is

Fvar[v] = {nﬁ[FVar[V§ M, rO]]» Fvar[V; M, I’o] = Fyja1 +(H — Htrial)H‘ri.dl-
0
(5.3)
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Firiat = — In [ [ D[r] exp (—HyiallrD)] is the free energy for the trial Hamilto-
nian, and is a function of M only (translational invariance). We are inter-
ested in the limit of the infinite flat manifold M — RP, and we consider
the free energy densities

1
Evar[V] = W FoarlV],  Evar[Vi M, 1] = W Fyar[V; M, 1]
5.4)
Obviously
Evar[V] = Pﬁ[gvar[v§ M, rO]]- (5.5)
0,

Evar[V; M, rg] can be written in terms of the Fourier transform of the
potential V(r)

V(p) = / dire Py (n). (5.6)
and in ref. 14 is given as

1r2-2
gvar[VQ M, r()] = Bﬁ tr (MD/Z)

ddp % ipro—pGp/2 57
| Gy (P)e : (5.7)

where G = (G%) is the “variational tadpole” matrix, defined as

dPk 1 r(1-2) _
G:G(M):/(zml’ e M = ampe MO 69

Extremization of (5.7) with respect to the variational parameters M and
ro for fixed V gives the two equations for the variational parameters M =
M][V] and ry=rg[V] as a function of the potential V

M., — d’p 7 (0) £Pro—PCP/2 59
ab = — Wpapb (p)e ) (5.9

ddp % ipro—pGp/2
0= / Wpa V(p) Pr0 . (5.10)
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Inserting these solutions in (5.7) gives Evar[V]=Evar [V, M[V], ro[V]]. Now,
extremization of the variational effective action

SulV] = EarlV]+ 3 / 2 (5.11)

with respect to variations of V(r) leads to the equation for the variational

instanton VISt

Vanst(r) + <3d(r— r(xo))) = 0. (5.12)

Hirjal

The variational instanton is rotationally invariant (as expected), so the
associated mass matrix My, :M[V\}Qﬁt] and the tadpole matrix Gy, =

G(M[V.BsY) are constants times the unit matrix 1,

I'((2—D)/2) _
IMlvar = Myar ]1, Gvar =Gvar ]1» Gyar = WD/Z/ Mvar(D/z) 1-

(5.13)

(5.12) implies that the variational instanton has Gaussian profile, and (5.9)
gives My, as the solution of

2 Myar (47T)d/2 Gvar1+(d/2) = 1 (5.14)

The variational instanton is a Gaussian well (centered at ry), its width is

given by +/Gyar

~ : 2
VégrSt(p) — _e_lprO_(Gvarp /2)’

Vil’lSt(r) - _ (27T Gvar)—d/ze—(r—ro)z/(zcvar) X (5 1 5)

var

The variational instanton action was found to be(!¥

St = Sl Vi3] = GuarMuar (1= ). (5.16)

var var
D
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5.2. A Poor Man's Direct Variational Calculation of the Instanton
Determinant D

5.2.1. The Approximation

We have to compute the determinant of the fluctuations around the
instanton solution V1St

d>S[V] } (5.17)

D = dety |:dV(r)dV(r/)

V =Vinst

In section 5.1, we have calculated the instanton solution in the variational
approximation VISt A first approximation for ® is to replace it by

d2S[V] ]

el A , (5.18)
dV(dV (1)

__yinst
V=Vyar

Dyar = det/v|:

but this is still difficult to compute. A further approximation is to replace
this by

2
D = det) [&} 5.19)

avrdv(r)

__yinst
V_ Vvur

since we have seen that Sy,[V] for a general potential V is easy to calcu-
late.

This first and simple approximation (5.19) is presented in details in
this section. We shall see from the result that it misses important features
of the true result, especially the UV-divergences due to the fluctuations,
which are expected as we have discussed in Section 4. In Section 5.3, we
will therefore calculate (5.18), which seems to be more appropriate.

5.2.2. Reduction to a Finite Dimensional Determinant
in Variational Space

In order to calculate (5.19), we start from (5.7), and we need

d d
——&var[ V] 5.20
e TRE g (5.20)
We use
d 0 dro 0 daM 9

(5.21)

AV AV T av o T dvn oM’
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Thus
dEyar — 0Evar dro 9&var dM 3Eyar — 0Evar (5.22)
dv( av() dv() arg  dV() oM 3V (r)’ '
since due to the saddle-point equations
& &
=0 and —X=0. (5.23)
aro oM
The second derivative is
dzgvar 82gvar dry 82gvar dM 82gvar

avndv(r) - aV(Iov () dv)yov(rary dV(r')aV(r)oM
_ drg 3%&a | dM &
AV av(nary  dV(r)av(noM’

(5.24)

since the explicit dependence of Ey,r on V is linear. Using the saddle-point
equations (5.23) we obtain

d_ & _ 3 Eyar dro %Evar  dM 3*Eyur (5.25)
dv(ry ary  dV(narg  dV(r) drgdrg  dV(r) drgdM '
d & 0 3 Eyar dro 9%Ear  dM 32Eyyr (5.26)
dv(ry aM T aV(DHOM  dV(r) drgdM  dV(r) dMoM "

Egs. (5.24) to (5.26) lead to (pay attention to the counter-intuitive sign)

dM 02Evar 0% Evar dM
d d __lavo AMOM dMarg av() | (sa7
ETTIN var[ ]— 2 2 ( )
av(rydv(r) dro 2Evar  0%Evar dry

dav(r) drgoM  9rpary dv(r)

with (remind that everything is evaluated at the saddle-point)

‘ 1 T (2-(D/2))
Evar [VégrSt, M, r0:| = B —(47[)[)/2 tr (MD/Z)

e l)d‘/z' det(Al4G)~ /2 0AHE /2 (5 98)
T

The quantity A is defined as follows:

A=GM, (5.29)
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ie. it is the same as G, defined in (5.13), but always taken at the var-
iational instanton. Thus when varying V, and thus M and G, only G
changes, but not A.

The determinant to be calculated is (the prime indicating that the
zero-modes are omitted)

2 2
QVCI’/ = det/v [Lr[‘/])} :det/v |:5d(l'—r/)—|- d Evar[V] }

davindv dvindv(r)

dM 2Evar 0%Evar dM
=det’v (Sd(r_r/)_ v oMoM oMar dv ()
drO 82gvar 325var drO

dav(r) argdM  aryadry dv ()
(5.30)

Now we use the cyclic invariance of the determinant* to reduce the above
expression (5.30), which is the determinant of an integral kernel opera-
tor over R?, to the determinant of a finite dimensional matrix, acting on
the space of the variational parameters ry (d dimensional) and M (d x d-
dimensional):

dM dM PEvar  *Evar
—det] | 1- / s 0N P A0 31\2/JlaM ali/ﬂaro
dl’() drO a gvar ad 5var
dv () dv(r) rgdM. drodry
M dM 325var azgvar
_ dv(p) dV(—p) AMOM Mo
= det; 1- / ® 0
ot (Zﬂ)d dl’o drO 82gvar 82gvalr
dv (p) dv (—p) argdM  aryar

(5.31)

1 is the corresponding d(d + 1)-dimensional unit-matrix. In fact the vari-
ational mass matrix parameter space is d(d + 1)/2 dimensional, since one
has to consider only symmetric mass matrices M. However in our calcu-
lation it is simpler to consider the d?-dimensional variational space of all
real matrices M.

4If X is a n x m matrix and ¥ a m x n matrix, and det’ denotes the product over non-zero
eigenvalues, we have the general identity det'[l — XY]=det'[1 — Y X], although the first deter-
minant is the determinant of a n x n matrix, and the second one the determinant of a m x m
matrix.
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5.2.3. The Calculation

We now evaluate the elements of the matrix. First of all, due to rota-
tional invariance and parity of the instanton, the off-diagonal blocks of
the two matrices {(1} and ((J) vanish

*Evar
g Cvar 32
ArodM (5.32)
dp M 9
P f0 (5.33)

= ~ =0
Q)4 9V (p) aV (—p)

The second relation will be explicitly checked below. As a consequence
(5.31) takes block-diagonal form, leading to the factorization of the deter-
minant as the product of the determinants over each diagonal block

1) ~Q2)
Dyar = D DL (5.34)
[ dM dM  92€
oD = det' | 1- / ——®— i (5.35)
pdV(p) dV(—p) IMIM
i d dro  9%&,
92, = det’ | 1- / AL A ar || (5.36)
p dV(p) dV(—p) 9rodro

Second, we shall see that the second block, relative to the zero-mode col-
lective coordinate ry, is also 0. Indeed, we shall show that

2
/ o _dlo 08w _ (5.37)
p dV(p) dV(—p) 9rodro
so that
9%, = det'[0] = 1. (5.38)

var

Thus it remains to compute the determinant of the first block, involving
only dependencies on the variational mass M. Using (5.28) and the matrix
derivative rules gathered in Appendix D, we find

?Ear A2-D

M = 3 2@+ DIE—dQ2—D)P] (5.39)
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with E the projector on symmetric matrices and P the projector on the
unity matrices

1
Eijt = 5 (8ikdji +8udjx) (5.40)
1
Piju = 351','51(1. (5.41)
Next, we calculate 6M;;/8V (r). Using Eq. (5.9) and varying V yields

d‘p
2m)d

SMY[V] = _/ p'p/ 8V (p) /P ¢~ (1/2PP'Cis

1 dp . .~ . »
+§/ (2;; p'p’ V(p) P e /AP phplsGyy. (5.42)

Using that at the saddle-point §G=((D —2)/2) (A/M)SM and V(p) from
Eq. (5.15), we obtain

ddp L.~ . _ 2
p— p'p/ 8V (p) £iPro ,—(1/2)p~A

SMY[V] = —/ (2

1 (dp , . 94 D-2A
_E/pr/ep ppTM(SMkI

d
= _/ (;Z E)d p'p/ 8V (p) P10 o—(1/2p%A
/2

2—D
+T5Mkl (dPij i +2Eiju) - (5.43)

This leads to

pip’ 8V (p) €iPo e~ (1/DP*A (5 44)

2-D 2+D _/ d‘p
i =

——dPSM — ———6fM
8 2n)d

and finally upon varying §V

SM (2-D _ 24D
(57

> d E)=pgpePo(1/2p°4 545
e (5 +7E) =popeme (5.45)

This can be inverted (in the subspace of symmetric matrices) as

M ( 4 4d(2 — D)

o)\ B P ipro ,—(1/2p*A
8V (p) 24D (24 D)(4—2d+2D+ Dd) >I0®pe e

(5.46)
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Next, we need (SM/8V (r)) ® (SM/8V (r)))(8*Eyar/dMIM). Due to the sad-
dle-point equations, or more explicitly looking at Egs. (5.45) and (5.39),
the following combination is relatively simple:

M 32Eyar A2-D oo —(1/2)p2A
-— =——- Plo o= , 5.47
8V (p) 0MoM M 4 PepeTe (5.47)
and after (Gaussian) integration over p we obtain finally
dip M M 026y 2-D 2d(2 — D)
Qm)d sV(—p) sV(p IMOM 24D (24 D)(e+2—D)
(5.48)

The first block determinant (5.35) is therefore the determinant of the
following operator acting on the d(d 4+ 1)/2 dimensional space of d x d
symmetric matrices

oW — det/

var

(5.49)

< 2D 2d(2— D) )
E— P).
24D 2+D)(e+2-D)

Since in this space the projector E reduces to the identity, while P is the
projector on the one-dimensional subspace generated by the identity, it
is easy to see that the operator has d(d +1)/2 — 1 eigenvalues equal to
2D/(2 + D), plus one eigenvalue equal to 2D/(2+ D) —2d(2— D)/(2 +
D)(e+2—D)=-2(D—¢)/(e +2— D). Hence the final result is

var’ (5.50)

2D — 2D (dd+1)/2)-1
9(1) = @var’ = - ( 8) .
e+2—D \2+D

5.2.4. Terms Associated with the Zero Modes

Before discussing this result, we calculate the other entries of the
matrix (5.27), associated with the 0-modes. First we vary Eq. (5.10) with
respect to 8rg and the corresponding 3V (p):

d'p s (1pGpipr d'p - —(1/2)pGp ,ipr
[ arwine s [ o s
(5.51)
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Deriving with respect to 8V (p) and evaluating at Vi, yields

d
o —(1/2)Ap? ipfo_/ dp & —(1/2)pGp tpro< ﬂ)
ip;e e = V(p) pi e e =
Pi Q)i ' PP )
dr} dr}
= M ——— = — M8 ——. (5.52)
dVv(p) dvp)
This gives
dro =_iipi e=(1/2)4p? iy, (5.53)
dV(p) M

mst

Combining Egs. (5.46) and (5.53) checks (5.33).
We now calculate the determinant of the lower block, for which we
need

dy 4 d .
Tt / ppte P = st (550
Qm) dvp)dv(—p) M2J Qn) M

as well as

0 2<5'var

ariar] Vi - aro or} / Q2m)d

V(p)ePoe= PGP

/ Wpipfe*f‘pz = M8, (5.55)

where we used that the first term of &y, in (5.7) does not depend on r,
as well as the instanton at the saddle-point from Eq. (5.15) and the mass
from Eq. (5.14). Hence the second block matrix, relative to the zero mode
ro, is identically zero. This is not surprising. Therefore

=8k, (5.56)

dip dr] ark | 928
Q)4 av(p) dv(-p) | arior!

and indeed the determinant (5.31) is the contribution of the d translational
instanton zero-modes.

D), = det; [0] = 1. (5.57)

var’
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5.2.5. Discussion

We now discuss our result (5.50) for ®y, in our simple variational
approximation. We see that ©,,y is finite and negative for € < D, thus we
recover the unstable mode with a negative eigenvalue for S”. However we
see that for € =0, Dy, is still finite, while we expect from our general
argument that ® will have UV divergences. Thus our approximation does
not properly take into account the short-wavelength fluctuations around
the instanton, and renormalization, which is important when € — 0.

Finally it is interesting to look at the behavior of ®,, in the limit
d — 00, € fixed. We find for the logarithm of ®y,,,

d €
Lyar' =1Og(i)var’) = _5 (1 - Z) =0() (5.58)

as expected from the variational approximation. However, as we shall
see later, the better approximation £y, and the exact solution £ behaves
respectively at large d as

d d
Svar:—z, L~ (5.59)
€ €

5.3. Expansion Around the Variational Approximation and 1/d
Expansion

5.3.1. The Large-d Limit
A better method to compute D is to start from (4.3)

conn

Oryr, = / (61 (@)% (r2 = 1)) (5.60)
X

yinst

(0 is an arbitrary point on M =RP) and to make a perturbation expan-
sion around the variational Gaussian Hamiltonian Hi,. Since the prob-
lem is invariant under translations, we chose for V the instanton centered
at the origin (ro=0). m will denote the variational mass (M =m?) and G,,
the variational tadpole G,, = (47)~P/2I'((2 — D)/2)m*~P. m is solution of
(5.14), that we rewrite

2m% Gy = (47 Gpy) Y2, (5.61)

Large-d Limit and the Variational Approximation. The first crucial
point used in ref. 14 is that when the variational instanton potential (5.15)
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is written in terms of normal products relative to the variational mass m,
it takes the simple form

Vil’lSt(r) — —(47TGm)_d/2 :e_(r2/4Gm):m — _2m2 Gm :e—(r2/4Gm):m (562)

var

that we rewrite as the variational trial potential (1/2)m?r? plus a pertur-
bation U(r) as in Section 4.3 (see (4.28))

. 2
Vinst(ry = —2m2G,, 1 + m? P + U,
o0 n
1/ -1 n
2 1N oy,
Ur) = —2m G,,,X;n! <4Gm) (r) 3 (5.63)
n—.

and to treat U(r) as perturbation, see (4.29) and Fig. 4.
The second point is that in the limit when

d — 00, € fixed (5.64)

these perturbative terms are subdominant (of order 1/d) with respect to
the leading term obtained by replacing V by the trial harmonic potential
(m?/2) :r%:,,. This is seen by rescaling x and r in units of the variational
mass m (as described in detail in Appendix G), so that m — 1, and the
propagator G, (X) becomes G(X)=G1(x)

Gm(X)—>G(X)=Gm=1(X)=(27T)7%K0772(|X|) (5.65)

N\ s

\

Fig. 4. The variational instanton (black) and its approximation by a harmonic potential
(grey) (here for D =1, d = 4). Note that the curvature of V(r) is the quadratic term
before normal-ordering, whereas in the variational approximation the quadratic term after
normal-ordering appears.
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and the tadpole amplitude G,, becomes

G — co(D)=G(0) = (4m)~ P/’ <2_TD)~ L _d

when d— o0, € fixed. (5.66)

co(D) is noted C in ref. 14. When we shall not deal with the explicit
dependence on D of c¢y(D) we shall denote it simply by co.
The variational instanton potential becomes (see Appendix G)

i 1
VlnSt(r) — —2C0 1 —+ z :r2: + U(r)’

var

U = — 2 Z% (;) :<r2)n:, (5.67)
n=2

0

where the normal product :---: refers to the normal product with respect
to the unit mass m=1, i.e. :---:=:--- 1.

Since ¢g~d, in perturbation theory, the 2n-leg vertices carry a weight
d'~" and closed loops carry a weight d (summation over bulk space indi-
ces). Counting the resulting factors of d for each graph, as in the large-N
expansion for vector models, only “cactus diagrams” with tadpoles survive
in the large-d limit. However within our normal product scheme, there are
no tadpoles. Therefore for any observable at large d we can replace

1
(Observable) yint = (Observable),, + subdominant terms in 7 (5.68)

where (---),, refers to the expectation value with respect to the trial vari-
ational action

1 2
HY = / i+ e (5.69)
2 2

trial

For the same reason, as shown in ref. 14, at leading order in 1/d, the
variational instanton, solution of

Vinst(p) 4 (5" (r— r(o))> —0 (5.70)
m
is a good approximation for the exact instanton V™!, solution of (3.41):

Vst = Vit (1403/d)). (5.71)
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The first correction of order 1/d was computed in ref. 14. Finally the
action for the variational instanton was found to be
Sinst — D (1 —%) co(D). (5.72)

If we rescale the effective coupling constant g (or equivalently the initial
coupling constant b) in terms of the variational mass m,

g > mPg e, b - mP b (5.73)

the instanton action becomes

var

This rescaling will the done at the end, but for the time-being, we keep the
explicit mass dependence.

Large-d Limit for Q. For our problem, in the large-d limit, we shall
first approximate the Hessian O in the exact instanton background, with
kernel Oy,r, given by (5.60), by the Hessian O¥?" in the variational instan-

var

ton background, with kernel O given by

conn

Onn, = fx (6(r1 = r@)” (12— r(1) (5.75)

Vi
and then approximate this QY2 by its large-d limit Q2" with kernel

@Xf‘é’ = /X<5d(r1 —1(0))8%(r) — r(x))> (5.76)

conn
m
This will be the leading term of a systematic (1/d) expansion, which can
be performed along similar lines as in ref. 14.

OY& can easily be computed, since we now deal with a massive free

rry
theory. It is even easier to compute its Fourier transform

Avar’ _ —i(kir1+karp) myvar’ _ ikir(o) ,ikor(x) ikyr(o) ik r(x)
i /[e 11n+Kar @nrz_ eIK11(0) ,1Ka — (1 o2
rnJn X m m m

_ R HG, (02 / [e—klkzcmm_l] (5.77)

X

where G,,(X) is the massive scalar propagator (4.31). Note that we have
G =G, (0).
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Zero Modes. In order to compute ©, we must take into account the
translational zero modes of §”"=1—0 and the projector P, onto the sub-
space of zero modes. According to Section 3.3, these zero modes are the
partial derivatives of Vinst, VZre =9, vinst - and from Section 4.1 (see (4.6))
the projector is

Poryr, =c0 Y _ 82 V™ (1) da V'™ (1)
a

(with the constant cq such that P2 =Pg). In the large-d limit we may
approximate Py by P,*?"

rr var var

Py, = ch Y 8a Vimst(r)da Vit (r) (5.78)
a

and since V%! is a Gaussian function, Py is easily computed. We obtain

for its Fourier transform

~ k1k2 —(K21k2
]P)Omz = -2 (K{+k3) G (0)/2 (5.79)

Finally, in the large-order formulas such as (3.53), to the instanton zero-
modes is associated the weight factor

1 dj2
= st
QU—gD[Z d/(vv )} )

In the large-d limit this gives

) 274/2 —-2747?
, _d _d |m g’
var: 5 Vmst — D | — = | =— 5.80
w |5 fovmr ] = [Zn] [h}( )

so that

|

log (20Y*") = O(@).
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5.3.2. Large-d Calculation of £

Series Representation for £. We now apply these results to the com-
putation of the determinant, or rather of its logarithm

£=log (det'[S"]). (5.81)
Since S”=1— O and since det’ subtracts the zero modes, we can write

=tflog(1-Q)], Q = 0O-B, (5.82)

Note that £ has an imaginary part since S” has one negative eigenvalue
A7. We expand the log as

R al (5:83)

k=1

As we shall see, further simplifications occur in the large-d limit. In this
limit we can approximate Q by Q" given by

Qvar’ — @\/ar’ _BYar, (5.84)

where 0¥ defined by (5.76) is the Hessian —&” at the variational inst-
anton, computed in the variational approximation, while P,"?" defined by
(5.79) is the projector on the zero-modes of 8" in the variational approx-
imation. Therefore we approximate £ by

gvar’ gi [Qvaf ] (5.85)

“Beads” and “Necklace” Diagrammatic Representation. Starting from
(5.77), (5.79) and using the fact that fx Gm(X)=1/m?, we can write the
kernel of QV"“/ as

Qe =04+ 02 / [ 0 1k Gu]. (586)
X
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and expandmg in kiky, we get a simple diagrammatic representation for

Kark as a sum of “watermelon” diagrams

22 o (=1
= o K +K)Gm (0)/2 ZT (k1ko)" /X Gm(X)"
n=2 ’

S L

(5.87)

Each line represents a propagator G,,. No internal M momentum flows in
the diagram, the p’s are external momenta relative to the embedding space
R?. In this series the term n =0 is removed by the fact that O is defined
by a connected correlator in (5.60); while the term n=1 is removed by the
projector onto the zero modes F.

Now we consider the tr[((@var/)k] in (5.85). Each trace is given by

k ddkl ddkk o ANy N
[(Qwr) ] Qm)d Qm)d ‘lé?yr*kz K;,I*M o E»r*kl' (5.88)

Thus £% can be represented as a sum over “necklace” diagrams made
out of the “beads” of (5.87). The integration over the ks can be done
explicitly and gives a decomposition of the form

Nlyeeny ng =2 i=1
Gn() 7"
I,= , 5.89
/X|:Gm(0):| 559

where Py, . n,(d) is a polynomial in d (the bulk space dimension), with
integer coefficients, given by the average

Py, (d) = (=Kiko)M (—Kok3)™2 - - - (—Kkyp) (5.90)

with the normalized Gaussian independent variables k; € R?, i.e. k“k”

sabs; ;. The polynomial P can be computed by Wick’s theorem. Typlcal
configurations are:
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3 5 3 3 7 3 2 4 2 6 4

Note that the first and last points are identified. Let us denote by N the
total number of lines N =) n; in the diagram. From (5.90) the P’s are
non zero if and only if the n;’s are either all even, or all odd.

o if k=1 this is always true and P,(d) is of degree n in d;
o if k>1 and the n;’s are even, N > 2k and the degree of P(d) is
N/2>k;

o if k>1 the n;’s are odd, N >3k and the degree of P(d) is 1 + (N —
k)/2>k.

Large-d Power Counting. We now look at the behavior of these terms
when d — oo, € fixed. First we rescale everything in units of the variational
mass m,

X—X/m, p— meTD, G (X) > m* PG (x), (5.91)

i.e.,, we set the variational mass m to unity in our calculations, since the
tr[Q¥] are dimensionless quantities. We refer to Appendix G for the details
on this rescaling. Then we note that the propagator G(x) for X0 given
by (4.31) is of order O(1), when d — oo

D 1
GX) =) 2 X|ICD2K o (X)) — 5 Ko(x = o),

while G(0) is of order O(d) since

11 d
2n2—D ~ 4n(d—e)

G(0)=(4m)" 1T (332) — — 0.

Thus the integrals I, given by (5.89) are of order d—"

GX)7T" _
L= |22 =0@™
/X|:G(0):| @
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and the term associated to the k-bead necklace [ny,nj,...,ng] in the
decomposition (5.89) is of order

[n1,n2, ... ,n¢] > O (ddegree[P]Jrk,N) 7
where N =) n;.

o If k=1, we have seen that degree[P]=N, and all the terms are of
order d. Therefore, if the series over the n’s converges (we shall discuss this
later)

tr [@Var/] — 0W). (5.92)

e If k>1 we have seen that there are two cases. For even neck-
laces the n;’s are all even and degree[P]=N/2 >k so we obtain a term
of order d*¥~ /2 < 4% We note that the most dominant terms are those
with N =2k. These are the [2,2, ..., 2] necklaces whose beads contain two
links (chains of bubbles).

C XXX X XD (5.93)

For odd necklaces, the n;’s are all odd and degree[P]=1+ (N —k)/2 >k,
while N >3k. This gives a term of order d '~V =0/2 < d'=*k « 1. The con-
clusion is that (as long as we can sum the necklace series) the k> 1 terms
are of order O(1)

k=1 = u[@")] =om (5.94)
and that the dominant contribution is given by the chain of bubbles.

Final Result. All the £ > 1 terms in (5.89) are subdominant with
respect to the k=1 term. In the large-d limit, £ is of order O(d) and can
be approximated by

£ = —tr [Qvar’] +0). (5.95)

We shall check this result with explicit calculations. As we shall see,
the summation of the necklace series is not completely obvious, and is
impaired by the UV divergences of the theory. Let us also note that the
imaginary part which comes from the unstable eigenmode of " =1-0 is
an effect of order O(1) (since it is associated with one single eigenvalue).
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5.4. Explicit Calculations at Large d
5.4.1 tr[@var/] and its Large-d Limit for >0

We first consider the leading term tr [Qvar/], given by
tr [Qvar’] — [@Vaf’] —d (5.96)

x-Integral Representation. tr [@V’dr/] is easily calculated from (5.77) and
(5.88).

, dk / dk 2 2
var _ var’ —k“G, (0) K“Gm(X) _
tr [@ ] = —(2n)d (D)k,—k (2n)de /x [e 1]

The k-integration is Gaussian and gives, using the equation for m (5.61)

—(d/2)
tr [@Vﬂf’] - ZmZGm(O)/ ([1—2’"—?‘0” —1) (5.97)

Since tr | QY | is dimensionless we can set the variational mass m to unity
m =1, in the r.h.s. of (5.97) (see Appendix G). Using the explicit form
(5.65) for the propagator G(x) and integrating over the X angular variables
via [dPx=38p [;° dxxP~! with x=|x| we obtain

tr I:(O)var’] — 22—DF((2_D)/2) OodxxD—l
r/2)  Jo

x72-D)2 K(p_zp(x) 17>

Let us first consider this integral for finite (but a priori large) d, and study
its convergence.

IR Convergence. At large X the integral is convergent. Indeed the mas-
sive propagator is exponentially decreasing as G(x) ~exp(—|X|). For finite
d, and thanks to the —1 that comes from the subtraction of the dis-
connected part, the integrand in (5.97) is also exponentially decreasing at
large x.
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UV Divergences. The small-x behavior of the integral (5.97) has in
fact already been studied in Section(4.3). It was shown that this behav-
ior is governed by the MOPE (4.48) and is related to the UV diver-
gences at one loop of the model. The integrand in (5.98) behaves as
Jo dx x€~P=1 ¢y with ¢ given by (4.83). We thus recover the expected UV
divergence at € < D, which is proportional to the insertion of the opera-
tor 1. This UV divergence appears in the series representation (5.89) of
tr [@V"‘r/] as the onset of the nonsumability of the series.’ Indeed, this

series 1is

o0
/ P, .
tr[@var]=2G(O)§: @D with Py=dd+2)--(d+2n—2)
n=1 !

2np

(5.99)

and I, = [,[G(x)/G(O)]" ~ n~(P/@=D)) at large n. It is easy to check that
the series (5.99) behaves as Y, n~1+(@/2=(P/C2=d) and is convergent only
if e>D.

Since the model is defined for € < D by dimensional regularization,
the analytic continuation of the integral (5.97) is its finite part (in the

sense of distribution theory). Therefore tr [(O)V"‘r/] is defined for € >0 by

—(d/2)
tr[@)var/] = 2G(0) x f.p./([l—%} —1> (5.100)

or equivalently by the resummation of the series (5.99) by a zeta-function
prescription.

For € =0 the integral has another UV divergence, which is canceled
by the (Vr)? counterterm of the renormalized theory. We shall discuss this
point later.

Large-d Limit. We can now take the limit of (5.99) when

d— 00, e>0 fixed.

Since in this limit

1 1 d
s — K > —
GO — —Ko(X).  GO) >

5This non-sumability has of course nothing to do with the large-order behavior we are after.
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we obtain
, o
w[o] = agl f.p./ dax [e4=0%0 1] + o). (5.101)
0

From the short distance behavior of the two-dimensional propagator
Ko(x)>~log(1/x), the last integral is

Ti(e) =fp. /Oodxx [e(4_6)K°(x) — 1] = /Oodxx [6(4_5)&’@ —1 —x_4+€]
0 0

and is UV finite for 0 <€ <2. Thus we recover that tr [@Var/] =0(d) in

this case.
T1(¢) has a single pole at e =2, as expected. It is UV divergent when
€ — 0. This will be studied later.

N2
5.4.2. tr[(@var) } and its Large-d Limit for e>0

We now perform the same analysis for tr [Q2]. We have, using (5.61)
/ 2 ddkl ddk2 - / - /
var _ var var
tr[(Q ) } = @ G Yk

_ d?k, d%, —(K2+k3)Gm (0)
=] i€

x/ f [e—klkgGm(Xl)_1+k1k2Gm(X1):|
X1 JX2

y [efklszm(xy s klszm(Xz)] (5.102)

Setting m =1 and performing the k integrations we get

4G(O)2// 1_[G(X1)+G(X2)T e
2G(0)

X1 X2

B 1_|:G(Xl)i|2 _(d/z)_ l_[G(Xz)]2 _(d/2)+1
2G(0) 2G(0)
GG 1_[G(Xl)]2 e 1_[6("2)]2 7([1/2):11
4G(0)2 2G(0) 2G(0) '

(5.103)
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This integral is IR and UV finite as long as € >0. When € =0 we recover
the UV divergence when both x; and x; — 0.

Now in the large-d limit, € fixed, since G(0) ~d and G(x)~1 we can
expand the [---]7%? and get

M 2 2 —1 _i _ B 1
16G(0)2 J,, X(Z;(Xl) G +0W ™) = 72D =) 2+D-e)+0(d ™)

€\2 1
“3<1_Z> + 0@, (5.104)
This expansion is not valid for x; and X, =0 when € =0 and this gives

the 1/€ UV pole (coupling constant renormalization), but this is an effect
exponentially small in the large-d limit. We have thus checked the fact that

tr[(@vaf’)z] —0(). (5.105)

Nk
5.4.3. tr[(@vaf) } and its Large-d Limit for ¢>0

Calculation of higher powers can be done along the same line. We get

tr[(@vaf’)k] - (1 - Z)k + o, (5.106)

6. 1/d CORRECTIONS TO THE LARGE d LIMIT

In this section we study the first 1/d correction to the variational solution,
which was shown to be valid for large d, € being kept fixed.

6.1. 1/d Diagrammatic

We first recall in this subsection how is constructed and organized
the 1/d expansion, following the ideas of our first paper.(!¥ We have per-
formed the rescaling (5.91) so that the variational mass m is set to unity.
This rescaling is detailled in Appendix G. We denote by ¢y the normalized
tadpole amplitude® and the integration measure over d-momenta k is now
normalized so that we have

m=1, c0=(471)_D/2F((2—D)/2)=<>, fe—"zfozzco (6.1)
k

6¢g is denoted C in ref. 14.
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The exact instanton potential is in these units of the form

Vinst(r) =2¢, Z (—2) 11", (6.2)

2!

where now the normal products are defined with respect to the unit vari-
ational mass m=1, i.e

= in=l

and the coefficients u, are of order 1 in the large-d limit, and are found
to be

8
un=—1+§+0(d_2) (6.3)

in the large-d limit, with &, =34,(D,d) given by a self-consistent equation
that we recall later. We remind the reader that if we set the u,=—1 we

recover the variational instanton Vst

order n 0 1 2 3 4
2n — vertex o —o—>< 7\/v >\/<<
couplings  co(d/2 — 2u0) p+1 i sy s
O(1/d)  co(d/2+2—26,/d) 9 = o o

Fig. 5. Self energy (n=0), mass (n=1) and interaction (n >2) vertices and couplings in the
U expansion (the symmetry factors 1/(2"n!) for the vertices are not written).

The perturbative diagrammatics is obtained by writing
vinst(r) = r +U(r) (6.4)

and treating U as a perturbation. The corresponding 2n-vertices and cou-
plings are schematically depicted on Fig. 5. The last line represents the
couplings, which have to be kept at order 1/d. The propagator is the usual
bosonic propagator with unit mass G(x). The one-loop tadpole graph is
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absent since it is subtracted by the normal-product prescription. The exter-
nal r-space indices a=1,...,d flow along the closed lines as in a standard
O(n) model. It was shown in ref. 14 that the diagrams can be reorganized

---------- 11O OO OO

Fig. 6. The chains of bubbles in the large-d expansion.

in a 1/d expansion by summing all the chains of bubbles, as depicted in
Fig. 6. More precisely, the propagator for the chain is given by the geo-
metric series (in Fourier transform w.r.t. X space)

d -1
—————————— =H(p)= [1 +quB(p)] ; (6.5)

where p is the D-momentum flowing through the chain, and B(p) the bub-
ble amplitude (one-loop diagram)

O [mer
p

1 arcth (p/\/m) _ larcsinh(p/2)
T p 4+p2 v p\/4Tp2 ’

when D=2 (6.6)

For zero momentum, we have

B(0)= >

€. 6.7)

In practice we also have to consider the chains with n>1 or n>2 bub-
bles. They are depicted as follows, with the associated amplitude H® (p)
and H® (p)

----- oo = O OO OO

1
— HO(p)= [1 +miB<p>] . 68)
4c¢g
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—1
d
=H<2>(p)=[1+m4—3(p>] — 14 p2—B(p).
C0 4C0

(6.9)

At the diagrammatic level this reorganisation of perturbation theory is
very similar to what is done in the 1/N expansion for the (linear or non-
linear) sigma models, where the bubble chain is the propagator for an
auxiliary o field, and the interaction involves only rro and of (k > 3)
terms. The analytic structure of the perturbation theory is nevertheless
quite different, in particular for the UV and IR divergences of the theory,
as already discussed in ref. 14, and as we shall see below.

Ay \\ ’
vertex —_—— )----- - A
’ AN
‘lI ’ ~
i P2 _1 _ p3 1 —pa
coupling ptl % Vim Tl mCw)
i 1 8 L N L
coupling at order 3 4 = e %6

Fig. 7. The vertices contributing to —Vi"t(r) and their couplings in the large-d-reorganized
perturbative expansion.

After this resummation the new vertices with their couplings are
depicted in Fig. 7. The crucial point is that in the limit d — oo, € fixed,
since D — 2 the tadpole coefficient ¢y diverges as d so that

d €
Py = S (1—2) = O (6.10)

and the bubble propagator H(p) is of order O(l), while the vertices are
of order 1/+/d, 1/d, etc. It was shown in ref. 14 that only a finite number
of diagrams contribute to a given order in 1/d, and explicit calculations
where done at the first non-trivial order.

With these notations we have found in ref. 14 that at order 1/d the
following diagrams contribute to the expectation value of the exponential
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(@O, ==K/ Deo | ] 2 <>+ T A N

The symmetry factors of the diagrams are not written, they are, respec-
tively, 1/2, 1/4, 1/2, 1/4, 1/4 and 1/8 for the diagrams in (6.11). No
r-space indices flow through the unclosed line.” The first diagram is (tak-
ing into account the couplings and the symmetry factors)

1 2—D
Q = 5(1+m>fxc(x)2= (e,

Similarly for the last diagram

(or vertex) operator

(6.11)

1 (—u2)

Lo

The exact instanton saddle-point equation, which is (once again)

//G(x)2G<y>2H<x—y>.
xJy

V) + (), =0 (6.12)
fixes the w,’s. In particular wup is given by

"This is different from the following graph considered in ref. 14, whose amplitude differs by

a factor of d.
d
Q = 5(1+u1>/6<x)2.
X
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1 2% —(k2/2)c
“1:_3 kk Vk)e (6.13)

and using (6.12) and (6.11) at order 1/d we get the equation for u; (i.e.
81), which reads diagrammatically

N
I/ N
, \
\ I
\ .
. ,

Agggﬂ
N

e o 6.14

where k# and k6 mean tzhe average value of k* and k®, respectively, with
the Gaussian weight e~K"0_ Since

. 2 . 3
d(d+z)w< d ) d(d+2)(d+4):<2i ) 615
0

ki=—2~— ko=
(2co)? 2¢o (2¢0)?

are of order O(1) we recover that uj=—1+0O(1/d).

6.2. The Hessian O

We now show how this method to construct a 1/d expansion can be
applied to compute the matrix elements of the Hessian §” and of the asso-
ciated operator Q. We start from the expression for O in momentum space

©k1kz — f <eik1r(o)eik2r(x)>Conn — / <eik1r(o)eik2r(x)> _ <eik1r(o)> <eik2r(x))
X 14 X 1% v 1%

(6.16)

and we use our perturbative rules to expand the e.v. (---)y in 1/d.
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6.2.1. O At Order 1

At leading order O(1), we get (5.77) that we can represent as a sum
over diagrams with n > 1 propagators between 0 and X, integrated over X

o0, = / e D2 [phakaGo ]
X

N——

(6.17)

° 00
= Ze—kfco/Ze—kgcoﬂ(ikl .iko)" 0@x: Z @®§)
n=1 n=1

where the integration over X and the symmetry factor 1/n! of the graphs
are implicit. We have introduced here an additional diagrammatic nota-
tion, which will be very convenient in the following discussion.

6.2.2. A Diagrammatic Representation for the Vertex Vi)

The circles in the last graph are a symbol for the factors which
depend respectively on k; and k; and are attached to the vertices 0 and
X. More precisely, the circle represents the exponential ¢~%c0/2 and each
line entering into the circle represents an additional (multiplicative) factor
ik, with an external space index a carried by the line. Thus the following
picture, a circle with n external lines, represents the factor

1

o
k C% — eKP0/2 (jkary ... (ik). (6.18)

‘n

6.2.3. O At Order 1/d

Now we make the perturbative expansion and keep the diagrams
which contribute to O at order O(1/d) only. We find that only (!) 21
different (classes of) diagrams contribute
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- O O
O\, = . O+ . O+ +
kl vk2 W W n>0 lines n>0 lines

‘

‘

‘
Q /,—/f\

* * ”\} i
Q e

'.".".".‘

~

(6.19)

6.2.4. Diagrammatic for the Mass Renormalization and V

Moreover, Eq. (6.14) for the mass renormalization @ may be rewritten
at order O(1/d) with our notations as
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e= 1 + 1 + +0(1/d%. (6.20)

While Eq.(6.11) for V reads
— V(K =o+©+©+©+©
++w+0(1/d2) (6.21)

Note that in Eq. (6.19) the diagrams 1-4, 7-10 and 13-16 can be absorbed
into a mass shift m=1 — m =1— -+ in the leading contribution repre-
sented in (6.17). The same mass shift absorbs the diagrams 2-5 in Eq.
(6.21) for V.

6.3. The Zero-mode Projector Py

We now compute the projector onto the zero-modes

_ iki V (ki) - ika V (k2)
0k ko = S
1K2 %fk kzv(k)z

(6.22)

6.3.1. B, At Order 1

We have already seen that at leading order in the 1/d expansion
Ji k2V (k)2 =d and since s G(x)=G(0)=(1/m*) =1 so that with our dia-
grammatic notations

Pk, = / (—k ke Mie02e ka0 2G () = 0, (6.23)
X

Thus the projector P, subtracts the one-line diagram in O (see Egs. (5.86)
and (5.87)).
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6.3.2. B, At Order 1/d

We can now compute explicitely the first correction in 1/d to B, using
(6.21) for V. It is easy to see that the numerator in (6.22) gives all the dia-
grams 1-12 of (6.19) with n=1 line between the two points 0 and X.

O

+© O+© O+
Q.0 &
O

+GQ+(“ ; +06 II
.I JPEEN
+@—(e>+o Qm N

(6.24)

(ki1 k) V (k) V(ky) = G——O

The denominator is computed from the explicit form of V given by (6.20)
and (6.21). In fact it is easy to see, using (6.11), that
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I KVK =1-2— 1/d
d/k V(K) d+(9(/ )

- 40(1/d% (6.25)

and since @(O) =1 we can writet G——O X « =C—+—-0O, etc. We
obtain that only (!) 16 diagrams contribute to P; the final result is

P

Pokk, = O O+0—+—0+0——0+6—+—0

+o0————o+ ; O+ ;; O+ " O

0.0 5.
O

0 O €., C

I
i

+C ; +C wﬂoa/aﬂ). (6.26)
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We note that the denominator gives all the one-line reducible diagrams

(with only a single line joining 0 and X) with a tadpole-like graph attached
N -

to the line. The diagrams G - O, € and
although one-line-reducible, are not contained in (6.26).

6.3.3. An All Order Argument Relating P, with Tadpole Graphs

A simple general argument shows that the denominator in (6.22),
given at first order by the tadpole diagrams depicted in (6.25), is given
at all orders by the tadpole diagrams with two truncated external legs
attached to the same vertex. In diagrammatic language we shall show that

1-o ;; %1 kz\/(k)z (6.27)

On the left hand side of (6.27) is nothing but

< > < > 2
l—o— V” (r(0))), with V”(r):Z 0V ()

aragra
(6.28)

(the two r derivatives pick two legs out of the vertex V(r)). We can rewrite
it as

V'(r(0) = / V'(n8((r—r() = / (k) V()@ (6.29)
r k
and using the exact Eq. (6.12) for the instanton potential, we get
(V' (r@)), /(k%vw) Mm) /ksz) (6.30)

QED. 1
(6.27) implies that B, will contain all the tadpole chains with tadpole
graphs attached at the 0 and x end-points, of the form

P:QQQQQ (6.31)
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6.4. Final Result for Q =0 -1,

As a consequence the subtracted operator Q=0 — P, is given at order
O(1/d) by the same diagrams as those depicted in Eq. (6.19) for O, with
the simple restriction that the diagrams 1-12 of (6.19) must have at least 2
lines joining the two end-points (n >2), and that the diagrams 13-16 must
have at least one non-dressed line joining the two end-points (n > 1), while
for the diagrams 17-21, there is no additional restriction (no constraints
on the number n of simple lines, n > 0). Using Eq. (6.20) for x| we can
rewrite it as a sum over only 12 graphs (instead of 21!)

S -

n>1 lines n>1 lines n>l lines n>1 lines

++2'

6.5. The Determinant ®©

ah
Qi =2

<;@

6
Mf@

(6.32)

We now compute the log of the determinant of instanton fluctuations
oo

L=log(®)=trlog(I-Q)=—)_ %tr(@k). (6.33)

k=1

6.5.1. Diagrammatic Representation of the Trace

With our rescalings (see Appendix G) each trace still reads

‘Ik=tr(Qk)=/k /k Qk;. ko Qhy, ks - - Qg kg (6.34)
1 k
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and with the representation for the kernel QQ, we have to compute integrals
over k of the form,

/e*kz“o(—ik‘”) oo (—iky (iKP1Y - - (kP
k

- (_1)((m—n)/2) (260)1—((m+n)/2) Z PRI (6.35)

pairing

Using Wick’s theorem we can represent each term by pairing of lines
between the left Q and the right Q, as already discussed when we intro-
duced the diagrammatic necklace representation for £. This is depicted
below

%& =m lines entering {%} n lines exiting (6.36)
/ O = (=) (209) !~ Um0/ (6.37)
k

For instance for m=n=2

I P4 (6.38)

and for m=3, n=1

= (6.39)

The vertical dotted line indicates that no M-momenta p flow through the
vertex, since each Q is attached to a different replica of the manifold M.
With these graphical notations, if we represent the kernel Q by the “bead”

Q = @] (6.40)

tr[Q] is represented by the k-bead necklace (with periodic boundary con-
dition between the left and right dashed vertical lines)
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Q] = @ Q%] = @Q
Q"] = @ e @ (6.41)
6.5.2. tr[Q]

We first consider the term k=1. We have already seen that at leading
order in 1/d

Q(O) /Q(O_k — // —k2c0 (esz(x)_l_kZG(X)> — O(d)

(6.42)

Q® =0® —P®). This can be depicted graphically as

w[0"] = S [ ]

n=2 n lines

> et [Q T ——

Ny
+V} +0O(1/d) (6.43)

and one checks easily that the first graph is of order O(d), the second and
the third of order O(1), since each closed loop carries a factor of d, and
there are periodic boundary conditions between the left and right vertical
dashed lines.

It is easy to see that the trace of the first order correction is of order
o)

tr[QV] = [0V — B ] = 0(1) (6.44)
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and that at this order it is given by the following 12 diagrams

Q@Cl) O, a

+W+W+W (6.45)

This corresponds to a specific, but complicated analytical expression, that
we do not write here.

Finally it is quite easy to check that higher order diagrams that con-
tribute to the term of order O(d™") of Q, will contribute to the terms of
order O(d'~") of tr[Q].

6.5.3. tr[Q?]

We have seen in Section 5.3 that tr [Qvar/z] was of order O(1). Since

Q" =Q© we could have expected that the next order correction Q)
would contribute by a term of order O(1/d) to tr[Q?]. We shall see that
this is not exact, but that there are nevertheless a lot of simplifications,
and that a simple subclass of diagrams contributes at order O(1).

In fact there are simply two beads, which contribute at leading order
to tr[Q?]. These are

(6.46)
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More precisely, the only two-bead necklaces which are of order O(1) are

OO OO0
O-0C+O-00-0O-

A careful but not difficult analysis shows that each of these diagrams is of
order O(1), and that all the other possible diagrams are of order O(1/d).
The first diagram contributes by

2
VN _
_ L2 e 2 B0y =2 [iB(O)] (6.48)
NN 460

(we have taken into account the different contractions of the vertices of
(6.38) which give this diagram). The four last one give the square of a sin-
gle bead amplitude

(O+O-O) 6.49)

with the single bead amplitude

(Y= (L Yl oy
OO0 = 5 (34045 507 10)

d B(0) (d B(0)/4co)
[1 14 pa(d B(O)/4Co)}  650)

4cy

where we used (6.5) and (6.6).

We thus see that the chain of bubbles contributes already to tr[Q?] at
the leading order O(1). In the large-d limit, ¢ being fixed, since u; — —1
and dB(0)/4co— 1 —¢€/4 we get

2
Q%] = 2(1—2)2+(§—1> + 0(1/d). (6.51)
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6.5.4. tr[Q], k>2

The same analysis can be done for the general term tr[Q*]. Here also
the only diagrams that contribute to order O(1) are those of (6.46), and
more precisely those with the beads of (6.50). It follows that at leading
order

QY] = [O +()- O] _ [——1]k + 0(/d). (6.52)

We shall comment later on the meaning of the pole in 1/e.

6.5.5. Summation of the log Series

We see that, except for more complicated graphs coming from the k=
1 and k=2 terms, the whole series (6.33) for £=1og(®) contains the series
—Y k1 (/K4 /e — ¥ which can be resummed formally as a logarithm,
so that (the second term compensates for the missing term in the sum giv-
ing the log)

£ = —tu[Q®+Q"] + E—l}—l—[l—z] + log [2-‘-‘} + O(/d).
(6.53)

This last series is not convergent if € <2 and the argument of the loga-
rithm is negative, hence £ has an imaginary part +.

In fact this is not surprising, and is a feature of the model, since we
have in fact recovered the unstable eigenvalue Ay, =1—A_ of 8" of the
Hessian S”, which indeed gives an imaginary part +7 to £. We show this
fact in the next section.

6.6. The Unstable Mode

It was shown in ref. 14 and in Section 3.3.2 by general arguments that
as long as 0 <e < D the Hessian S”[VI™!] has one single negative eigen-
value Apin <0, corresponding to the mode of unstable fluctuations around
the instanton configuration.

In Appendix F we derive a variational estimate for an upper bound
for this Ani,. This estimates is given by Eq. (F16) and becomes in the
large-d limit
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rVri‘lrn = —2¢(D—¢) — 2—‘—‘, when D — 2, € fixed.
2=D)2D —¢)+¢€2 €
(6.54)

This is precisely the argument of the log in (6.53).

Here we show that this is not a coincidence, and that the variational
bound )‘rvrirn is saturated in the limit d — oo, € finite, so that the infinite
series of necklace diagrams, with beads made themselves out of chains
of bubbles of (6.50), reconstructs precisely the logarithm of the unstable
eigenvalue 10g(Amin).

4
Amin = 2——, when d— o0, € fixed. (6.55)
€

To obtain this result, we shall simply take the following ansatz W_ for the
unstable eigenmode

~ 1
U (k) = 5k2 eKe0r2 (6.56)
and show that at leading order
A-Q)U_ = Q—4/a)V_ + O(1/d). (6.57)
Let us first compute QO Ww_
QOU_kp) = | Q¥ (ko)
- k2 kl,—kz -

_ le*k%co/zf e*kECOkgf [e’klsz(x)—l—f—klsz(x)]
2 k2 X

2 2
_ Lo ege e / RGPy (KLGOT d ) d )
2 X 4 C(Z) 2¢o 2¢g

(6.58)

In the limit d — oo since ¢g~d the dominant term is

1 d 2 d 1 & Vo

- kZ —k1c0/2/G 2 ~ — —W_(k =(1—-=) v_(k).

33 ke [ 600 = B = (1) Tk
(6.59)
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Note that we may represent graphically U_ and @@, by

v_ =, QV_ = (6.60)

(where the little handle represents §,5) and that the dominant contribution
(6.59) at large d corresponds simply to the diagram

1 d
QO w_ ~ @ 0= B0z -3V-. 6.61)

Note that the rightmost little loop is just o=d/2.

We can now compute in the large-d limit the contribution of QVWw_.
It is given a priori by all the diagrams of (6.19) inserted into (6.60). How-
ever a careful but easy analysis shows that the only diagram which con-
tributes finally at leading order O(1) is the chain of bubbles, that appears
already in (6.50)

Dg_ > y----- - —H2d gy L4
oWy _® Q © = BOHO 5 BO)5 -5

= - (1 — —)2 v_ when d— . (6.62)

Now if we consider the graphs that appear in the higher-order terms
Q™ of the 1/d expansion of Q, one can see that when applied to W_ they
also give only terms of order at most O(1/d). Hence we have

QY. = QVu_+QMw_+0(/d) (6.63)

and combining (6.59) and (6.62) we obtain (6.57). QED. 1

6.7. The Zero-mode Measure

Finally, we have to compute the 1/d correction to the weight 20 for
the collective-coordinate measure for the instanton. According to (3.55),
this weight is given by

ap| 1 2 an ap| 1 25 2 a2
= — | (VV = — | k*V(k .64
W & |:2nd/r( ):| § |:27rd/k ():| (6.64)
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and using the explicit form for V, and in particular (6.25) we get (for D —
2)

g 1% (- _
W = [Z] g9/ =51 (1 1 0(1/d)), (6.65)

where §;(¢) is the coefficient for the mass correction at order 1/d defined
by (6.3). 81(¢) is of order O(1) in the large-d limit, its exact value is given
by the self-consistent equations (6.13)—(6.20). The large-d limit for &1 (¢)
was already obtained in ref. 14. It is given by the integral

=g [ ap p [~toe[1-[1-5]v] - [1-5]vw].
2 arcsinh(p/2)
pV1+p2/4 "

which is convergent as long as € > 0.

J(p)= (6.66)

7. THE LIMIT ¢=0 AND THE RENORMALIZED THEORY

We are interested in the renormalized theory in which the UV diver-
gences have been subtracted and the limit € — 0 has been taken. We have
already discussed in Section 4 the UV divergences and how they are ren-
ormalized. Here we discuss this limit in more detail and its interplay with
the large-d limit. Our main result is that the 1/d expansion is plagued by
IR divergences when € =0, so that the limits d - oo and € — 0 do not sim-
ply commute. As we shall see in our discussion, this does not mean that
our instanton calculus does not make sense at € =0, but rather that when
€ =0 the large-d limit is of a different nature and contains non-analytic
terms in d such as logarithms of d.

7.1. Minimal Subtraction Schemes

To study the renormalized theory at a given dimension d we must
first specify a renormalization scheme. We shall use the minimal subtrac-
tion scheme (MS) such that the field and coupling-constant counterterms
in the original action subtract the poles at € =0 (see Egs. (4.89)-(4.90)).
In fact the definition of a MS scheme requires some care. Indeed, since
€=2D —d(2 — D)/2 depends both on D and d (the manifold and bulk
space dimensions) the limit € — 0 to construct the renormalized theory
of a D-manifold in d =d.(D)=4D/(2 — D) dimension can be taken in
different ways. These different limits correspond to different renormalized
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theories which differ by a finite renormalization of the field and the cou-
pling constant, i.e. these limits correspond to different renormalization
schemes.

7.1.1. Definition of the MS-D and MS-d Schemes

1. MS-D scheme: A first scheme is to work at fixed manifold dimen-
sion D= D, and to take the limit d — d.(D.) =4D./(2— D.). Then € =
(d. —d)(2— D.)/2. This allows direct comparison with the field theoreti-
cal calculations for SAW one has polymers, since for D=1 and e =¢/2,
where ¢ =4 —d is the parameter of the standard Wilson—Fisher expansion.

2. MS-d scheme: Another scheme, more natural for 2-dimensional
manifolds (D =2), is to fix d =d, and to take the limit ¢ — 0 by varying
D. In this case e =(2+d./2)(D — D.) with D.= D (d;)=2d./(4+d.).

7.1.2. Relation between the Schemes

In both schemes we take as counterterms

C1(De, d. 1 ¢y(Dy, d,
Z(br)zl—br¥, zb(br)=1+brz¥ (7.1)

and the relation between the bare fields r and coupling constant b and
renormalized ones r; and b, is

r=2z""2r, b=buZpZ%?. (7.2)

We see that both € and d appear explicitly in the second relation for b. At
one loop it gives

b:/ﬁbr[1+brécz%dcl+m]. (1.3)
In the MS-d scheme the last term gives
C, —dC1=C2(De,dc) —dcC1(De, de), (7.4)
while in the MS-D scheme it gives
C2—dCy1=Ca(D¢,dc) —dcC1(De,de) +€ 261(De. de), (7.5)

2-D.
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We see that renormalization in the MS-D and the MS-d schemes with
the same subtraction mass scale  amounts to a finite coupling-constant
renormalization

2 C
bms—d =bms-D +bys_p 1D, (7.6)

or equivalently that the MS-d subtraction scale puys_q and the MS-D sub-
traction scale ums_p are related by

HUMS—d 2 Ci
Io = . 7.7
g|:MMS—D:| 2—DCy—dCy .7)

Let us also note that we recover the combination of counterterms Cp —
dC; that appears in the result (4.112) for the coefficient B (defined by
Eq. (4.110)) of the UV pole in 1/e for the effective action S[V] (see
Eq. (4.104)) and for £=trlogS"[V].

7.2. Variational Mass Subtraction Scale

Now for simplicity and in order to study more easily the large-d
limit of the renormalized theory we shall work with the normalizations
of Appendix G, where X and r are rescaled as X — myarX, F— Mye, G D)2
and the coupling constant b is redefined by b— .~ Pb so that the var-
iational mass is now set to unity (myg = 1) in all the calculations. Since
the rescaling of the coupling constant amounts to g — mya: g, this last
rescaling amounts to choosing as subtraction scale a multiple of the vari-
ational mass (i — umyyr) in the renormalized theory.

In this normalization the field and coupling-constant counterterms (as
defined in (4.91)) C;=C1(D., d;) and C» =C»(D,, d.) in the action become
(see Appendix G and in particular Egs. (G30) and (G31))

C1

’

_=Sp[a 1+(d/2) B 2‘5% T[D/(2— D) [¢o ]/
Y [%] >~ 2-D)’T2D/2-D)] [%}

(7.8)

The logarithm of the renormalized instanton determinant £, is still given
by (4.108)

L=L+ (g#l’ ML) [%«Vrm + % / vmﬂ : (7.9)
r
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We have seen that in the large-d limit (¢ fixed), the first counterterm is
of order one C; =0O(1) while the second one is exponentially small, C, ~
O(exp(—d)). For our discussion of the variational approximation and of
the large-d limit we only have to consider the wave-function counterterm
C1=C1(D,d.(D))=C1(D.(d),d) which is given explicitly when € =0 by

4 (4m)P2 [ T[@2 - D)/2] 1@HP/C=D)
D T[D/2] [—FKD—z)/zJ

4 (47-[)(2d/(4+d)) _F[_4/(4+d)] —(d/2)
S d r[d/(4+d>]2[ 4/ G+d)] }

(7.10)

7.3. Renormalized Theory in the Variational Approximation
for Finite d

We first consider the renormalized instanton determinant in the varia-
tional approximation, but for finite embedding space dimension d, follow-
ing the lines of Section 5.4. We thus approximate £=logdet'[S”] by £© =
—tr[Q©®] (as defined by Eq. (6.42)). This gives, after integration over k
and using (Gl11),

P <0> / —k2eo / K2Go0 _ —sz(x)]

d/2)
:d—ZCO/ ([1—6(’()] —1>. (7.11)
e (€]

To renormalize consistently £ we must take for the condensate ((Vr)?)y in
the counterterm in (7.9) its value in the variational approximation

p2

p2+1

(VD) = (VD)D) pet = d / — —de (7.12)

(we use dimensional regularization), and neglect the coupling-constant
counterterm C», since there is no coupling-constant renormalization in the
variational approximation. Thus we obtain for the renormalized log in the
MS-D scheme

1 \"¢ ci(D)
20 I 2O _dey (gP uL ‘
ren e—>0,1anﬁxed co\srH €

1
Buar [Blog(gr)+log(,U«L)] +20 (7.13)
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with
3 32 [ Tr[@-D)/2 e
Buar = —dc(D)C1(D)eo(D) = =5 [_F[( 52 /2]} (7.14)
and
© o _ . CiD)
LMs_p = . Ol,lglﬁxed [S dcg . . (7.15)

Integrating over the angular degrees of freedom of x we can rewrite £
as

O =g —2c0(D)Sp 7,

o —(d/2)
Ci:f.p./ dx xP~1 ([1 - G(x)] — 1) , (7.16)
0 o

where the finite part prescription “f.p.” deals with the short-distance diver-
gence at x =0 still present when € >0. The UV divergence of J comes from
the short-distance behavior of the propagator G(X), obtained from (4.33)

d
G(X):C()—doxz_D-i-C—Ox2 0

_ 4-D 4
D —2(4—D) X +O0xM). (7.17)

This implies that the integrand in J behaves at small x as

d/2)
€0 —p-1, 4 c d +1-D +1
T~ dx | — € Vel 7 € O(x€ )
fo x[do] [x *ap dy 44-D)" +OE)
(7.18)

The first term gives the UV pole at € = D, which is subtracted by dimen-
sional regularization, and is dealt with by the f.p. prescription. The second
term gives the UV pole at e =0. The third one gives a non-singular pole
at e =D — 2, but will be important in the large-d limit. Now we use the
explicit result (7.8) for C, which implies that we can rewrite the counter-
term in (7.15) as

I+@(D)/2) 4 ol

4D Jo

Ci1(D
dco 1(D) =—2¢0Sp |:c_01|
€ d()

dxx€7L. (7.19)
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Thus this counterterm cancels the pole at € =0, but we must notice that
since we use the MS-D scheme, there is a slight difference between the
coefficient of the x€~! term in (7.18) and (7.19): the first one contains
[co/do]' /% and the second one [co/dp] T4 (P)/2, Since d =d.(D) —2¢/(2 —
D) this gives a difference of order O(e) for the residue of the poles at
€=0, hence a term of order O(1) in the limit € — 0. We carefully rewrite
the expression (7.15) for 21(3[)5713 as

(2+D)/2-D) (—€/(2—D))
o) . dco [ co 1 co -
£ = 1 d+—|— —|1-]— —2¢9SpJ
MS-D e—>0,lglﬁxed! +4D |:d0:| € |: |:d01| j| €0 }

—(d/2 d/2
oo [ e
0 €0 0

1+(d/2)
_ 4 [C—O} ol —x):| (7.20)

4D | dy

0(1—x)=1if x <1, 0 if x> 1 is the Heaviside step function. This integral
representation is a priori valid for € >0 but is now convergent if we take
the limit € — 0. We can interchange this limit and the small x integration
and obtain, using d.(D)=4D/(2— D) and Sp=1/(2— D)d,

((2+D)/(2-D))
0 co co o 2 o .
’Ql(\/I)S—D =d |: :| log |:—:| I

T2 4 &] 2-Dd

—2D/(2—-D 2D/(2—D
j/:'/oodx |:xD—1 |:|:1_G(x):| @2D/( ))_ 1i|_|:cci_0:|( /( ))x—D—l
0 o 0

1 co (2+D)/(2-D))
2—D | dy

x7loq —x):| (7.21)

This last integral over x is UV and IR convergent as long as D <2. It can
be computed numerically.

For D=1 we have co=1/2, dy=1/2 and G(x) =e /2, and we
obtain

£

j/

4-27,
dx [[1 —e—x]]—2 —1-x2—xlpq —x)] —£(0) :_%.
(7.22)

0
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Table I. Numerical estimates of Qﬁ)s_n(d) for various values of d

d 0 2 4 6 8 10 12 14 16 20

(0)
Lvs-p 2 401 5 660 9.16 13.0 185 259 356 627

Details of the calculation: We compute the integral
o0 -2
£=4-27, 3’:/ dx [[1 —e ] -1 —x2-x7le —x)] .
0

First we put a regulator ¢, and notice that the last term is here to subtract
the pole in ¢

T:limj(e)—l 3(8)=f.p./oodxx8 [[l—e*x]]fz—l],
e—0 e’ 0

Now

JE) =) (+1) /Oo dxx®e™™=> "+l (e+n*!
n=1 0 n=1

=T(E+D(¢E +cE+D).

Now we use

1 1
(O)==3, ¢d+e)=_+r+00), F(+e)=1—yee+0(?)

and obtain

1 1 1
JeE)=——=4+0() hence I=—-—.
g 2 2

For D #1 this integral representation allows easy numerical integra-
tion. This gives the following results, presented on Table I and Fig. 8.
Finally, we see on the numerical results that Sﬁ)st diverges when d — oo
(i.e. when D — 2). As we shall see later, it behaves as
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Fig. 8. L=£$[)57D as a function of the external dimension d.
-4
2O 5~ () (7.23)

and this asymptotic behavior is reached as soon as d ~20, as shown on
Fig. 9.

Details of the calculation: To compute the integral 7' numerically, it is
more convenient to separate the integral over x €]0, 1] and over x €[1, oo[

/

1 00
3 =747, 3;:/0 dx -], 3;:/1 dx [---]. (7.24)

For the second one we can integrate directly the first term, and explicitly
the counterterms and get

1 @D/Q2-D))
V=5 +3%,
D | dy

o G(x)1-CD/C=D)
3 = / dx xP1 |:|:l — (x)i| —1]. (7.25)
1

co

N
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10

1 2 3 4 5

Fig. 9. £O(d) (black curve) in Log-Log coordinates compared to its large-d asymptotics
(grey curve, straight line).

For the first one it is better to over-subtract it, in order to improve the
integration at x =0 and the study of the large-d limit, and write

1 D (2D/2-D))
3’—————[60} 3! (7.26)

'™ D (Q2-D)32@4-D) |do

3//=[1dx[xD1[1—G(x)]_(zD/(z_D))—[CO](ZD/(z_D))xDl
1
0

co do
1 [eoq@tD)y@-n) _,
e FA
2—DLld
D co7(2D/(2-D)) 1_,)]
. . 7.27
+(2—D)(4—D)[d0] o (7.27)

Both integrals J7 and J’] are convergent for any D <2 and have a smooth
limit when D — 2.
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7.4. Do the Limit d —» o0 and the Limit e - 0 Commute?
74.1. An Apparent Paradox

For € > 0 the variational approximation L® for L has a regular
large-d limit. We have studied it already in Section 5.4.2. It is of order
O(d) and is given by the convergent integral

—€

1 oo
20=a(1-tp [Tan[me 1)) 0
4 0

which is the large-d limit of the integral (7.16) (Ko(x) is the Modified
Bessel function of the 2nd kind).

This integral can be computed numerically. To study its UV structure,
we use the small x expansion for the 2D propagator

1
Ko(x) = —log(x/2) —yg+ sz (—log(x/2) +1—yg) +O(x*). (7.29)

The integrand in (7.29) behaves at small x as

[e?e /21 <x€_3 + %xé_l (—log(x/2) —ye + D+ O IOgX)> -1
(7.30)

The first term x€~3 gives the UV pole at e =2, and is subtracted by the f.p.
prescription. The second term x€~! gives the poles at € =0 but the logx
gives in fact a double pole, so that

1 3
£O0 ~ g 4o~ (—2+—+(9(1)>. (7.31)
€ de

There seems to be a discrepancy between this calculation and the results
of the previous section:

o Here we take the limit d — oo, then € — 0; £(° has a UV pole
d/e.

« Previously we took the limit € — 0, then d — oo; £(® has a UV
pole ocd?/e.

Clearly the limits ¢ — 0 and d— oo do not simply commute.



984 David and Wiese

74.2. Resolution of the Paradox

This apparent paradox can be understood if we use the results of the
previous section to study carefully how the bare quantity £© =d —tr[0©]
behaves when both € — 0 and d — oo. £© is given by (7.16) and in that
limit the dominant contribution is the integral J, and more precisely the
terms of order x~! when x — 0 in the integral (7.18) for J. There are two
such terms, the dominant one of order x¢~! (which will give the UV pole
at € =0), and the subdominant one of order x¢t!=P?. These two terms
combine so that in the large-d, small-¢ limit, we have

d? d? d
O~ = 4 ———— with e=2D—-(2-D). 7.32
£ € + €+2-D e ¢ 2 ( ) (7.32)
If we take the limit € — 0 with d finite and large (hence 2 — D small
but non-zero) the first term is singular, and we recover the standard sin-
gle UV pole, while the second one stays finite. Renormalization within the
MS-scheme amounts to subtracting the first term and we recover
2 3
) d d
~ = —. 7.33
’QMS-D 2 -D 4D ( )

All the other terms contributing to 2§231 are at most of order d2. Thus we
recover the fact that the renormalized £ is of order O(d3).
If we now take the limit d — oo with € non-zero but small, we rewrite
(7.32) as
d*2-D) 2d(2D —€) 8d

£O ~ _ = — ~ = 7.34
e(e+2—-D) e(e+2—D) €2 (7.34)

and we recover the fact that the bare £ is of order O(d) but with a double
pole when € — 0. Thus (7.32) contains both (7.33) and (7.34).

7.4.3. Discussion

Of course in the full theory, it is the first limit (¢ — 0 then d — 00)
which must be considered to study the large-d behavior of the renormalized
theory. At the level of the variational approximation framework, from the
previous calculations one can show that at large-d the variational renormal-
ized logdet 21(\?3_]3 has a regular large-d asymptotic expansion in powers of
1/d,

Sian = B +10d% +10d +13d° + - (7.35)

with the [J’s real and finite.
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Indeed, setting € =0, starting from (7.21), using Eqgs. (7.24)—(7.27) and
the fact that c/dp is analytic in 1/d (co/dyo =1+ O(1/d)), one sees that the
only possible non-analytic terms are the integrals J7 and J7. Now the mass
=1 propagator G(x) is analytic in 1/d ~2 — D, except at x =0, where it has
a log(x) singularity when D =2. At x =00 it behaves as exp(—x) for any D
and it is then easy to see that J’) is analytic in 1/d. The integral J7 given by
(7.27) behaves at D=2 as [, dx x logx and its nth derivative with respects to
D behaves as [, dxx log" x and is convergent for any n. Hence we deduce
that 37 too has an (asymptotic) expansion in 2— D ~1/d. QED. 1

Thus the variational renormalized theory at e =0 scales with d as d°
(and not as d), but still is amenable by a 1/d expansion. As we shall see
in the next section, the situation becomes more complicated when we deal
with the corrections to the variational approximation. Indeed, the pertur-
bative expansion studied in Section 6 is plagued with IR divergences at € =
0, in addition to the UV divergences, and we shall argue that this means
that the renormalized theory contains non-analytic terms such as log(d)’s
in the large-d limit.

7.5. Renormalized Theory: First 1/d Correction and IR Divergences
75.1. The IR Divergences at ¢=0

In Section 6 we have isolated the classes of diagrams in the expansion
of the kernel Q which give a contribution of order O(1) in £=trlog[l—
Q]. This analysis is valid provided that € > 0. Indeed, as long as € >0 the
individual diagrams are IR and UV convergent, and the summation over
the diagrams in each class in also convergent.

If we now take the limit € — 0, IR problems may occur when sum-
ming these diagrams.

First we consider the diagrams that contribute to trf[Q™], depicted in
(6.45). In each of the 11 classes of diagrams in (6.45) the sum over the n
lines joining the left to the right contributes to a similar sum as the sum
considered in Section 5.4.1 at leading order, i.e. to integrals of the form

//(e—k2<co—G(x>)_e—k2(co>) s~ 2C0f<[1_G(X)/CO]_d/2—1> “...
x JKk X

These integrals are UV and IR finite when ¢ >0 (with a finite-part pre-
scription to deal with the singularity at x=0). When ¢ =0 they are still
IR finite (the X-integration is convergent at |X| — oo since the propagator
G(x) is massive, hence exponentially decaying at large distance). On the
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other hand, these integrals are UV divergent when € =0 (there is a sin-
gularity at x=0, which gives a 1/e¢ UV pole) but this divergence is dealt
by the renormalization procedure.

Now the second infinite sum in the 11 classes of (6.45) is given by the
“chain-of-bubbles” propagator of the 1/d expansion

HP) = ccommee e

O OO OO

given by (6.5) and depicted in Fig. 6. Combining the results of section 6.1,
in particular (6.5), (6.6) and (6.10), we easily obtain that in the limit d —
o0, € finite, this propagator is

2 arc sinh(p/2)

B
P J1+p2/4 ®)

(7.36)

Hp=[1-(1-7) ,(p)]‘l with J (p) =

(we use the notations of ref. 14 for J(p), B(p) is the bubble amplitude
(6.6) at D=2). For large p the UV behavior of H is

I
Hp) = 1+@G—0—L 4. asp—oo (7.37)
p

and does not raise additional UV problems. For small p its IR behavior
is

H(p) ~ as p— 0. (7.38)

1
p2/6+€/4

As long as € >0, the IR behavior of H is that of a massive scalar field
with effective mass

Moty =/3€/2, (7.39)

to be compared with the variational mass my,r = 1. However, when € =0,
this propagator becomes massless me=0 and since we are dealing with an
effective theory in two dimensions (D =2), IR divergences occur! Indeed,
in the diagrams of (6.45) there are two sources of IR divergences:
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1. First, the mass shift depicted by -« is given by the solution of
(6.20) which involves tadpole diagrams with the propagator H(p) at zero
momentum p=0, which gives potential powerlike IR divergences -+ oc H (0)
since 4

H(O)=-.
€

2. Second, both the tadpole diagrams on the right hand side of
(6.20) and the other diagrams in (6.45) contain internal loops with the
propagator H(p). Integration over the internal loop momentum gives log-
arithmic IR divergences since

3
/H(p) = 5 log(l/e) + -
p .T[

If we now consider the diagrams which contribute to tr[Q®)], & >
2, depicted in (6.47), they also contain the zero-momentum propagator
H(0) =4/¢. Their amplitudes at large d are given by (6.52) and have a
powerlike IR divergence in 1/e*.

This IR problem was in fact first discovered by the authors in ref.
14, and its significance for the calculation of the instanton action studied.
It was shown in ref. 14 that these IR divergences exist for the instanton
profile V (r), but cancel in the first 1/d correction to the instanton action
Sinst- As we shall see now, some partial cancellations of IR divergences
also occur in the contributions of the fluctuations around the instanton,
but the first 1/d correction 2%31 to the renormalized fluctuation contribu-
tion Ly 18 still IR divergent at € =0.

7.5.2. Cancellation of IR Divergences in the Mass Shift §4

We first look at the mass shift §; depicted by « and solution of (6.20).
We have already computed 8; in ref. 14 and §; is in fact IR finite when
€ — 0. We refer to section. 6.5 and Appendix B of ref. 14 for the details
of the calculation, the final result being given by Eqgs. (135), (137) & (138)
of ref. 14, i.e. the integral

5 = 3:2n/p(—log[H(p>]—(1—§)J(p))

= ;:Z /Ooodpp (—logl:l—(l—f—‘)J(P)]—(l—Z)J(P))

=5 ), avsnne (1= (1-3) 1= (-9 )

= 7.5583... for e=0. (7.40)
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This integral is IR and UV convergent even for € =0, since it behaves at
small p as fpl and at large p as fp p~* logz(p).
To prove the IR finiteness of & it is sufficient to rewrite (6.20) as

Q 5,0
x +‘+ . (7.41)

Since no momentum flows through the first (vertical) H line we have

T 14 d d 1
A hil = poy=S_"
T 2 € Wle@ 2B =34

is finite, and the last two diagrams contain log(e) IR divergences. How-
ever, one can easily check that these IR divergences cancel. Indeed the
coefficient of the log is obtained by using that as long as fp f(p) is not
itself IR-divergent,

/ ---------- f(p) = / H(p) x f(0)+infrared convergent terms
p p
3
=5 In(1/€) f(0) +infrared convergent terms.
bis
(7.42)
This means that any H line ---------- is to be replaced by (3/27)log(1/¢)

and treated as if no momentum flows through it. We thus obtain

3 i d 1
= 2 log(l/e) — 1) with _41
2 (o8 /6)2%@“9() wit Q 287

while for the second graph

e 3 |
’ b= —— log(l/€) = D).
) o og( /e)2+0()
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The coefficient of the log(1/¢) IR divergences is therefore zero, since

+f"#\“>— > tog(1/6) (o~ 1) = ———clog(1/e)
T o B Gt T2) T Tiem BV
Thus Eq. (7.41) for §; is of the form

5 = 5[51+(9(1)]:>81 = O(1), when e=0. (7.43)

75.3. IR Divergences in Q™

We now perform the same analysis for the first 1/d correction to the
Hessian Q, Q(V, calculated in Section 6. The Fourier transform of Q) is
given by the graphs of (6.32). For reasons that will become clear later, let
us separate Q) into four parts

00 = 0@ 491D 4910 4D, (7.44)

where @(1“) is the sum of the graphs which contain the mass shift

Qe — 2%+2QQ§+2, (7.45)

where @(”’) is the sum of the graphs which are “really irreducible”

qon = D <

T bm\}Jr%w\Sﬁ
v n>1 lines W
Qe <) (7.46)
N0

QU9 is the sum of the four graphs

IS e St e We SIS o

(7.47)

_l’_
_l’_




990 David and Wiese

and QU9 is the single remaining graph.

a0 = &, (7.48)

QU9 is IR finite since the mass shift « is IR finite.
QY = o). (7.49)
@(lb) and @(10) have a logarithmic IR divergence in log(1/¢). By the same

argument as above, the coefficient of the IR divergence is obtained by
removing the H propagator in the graph, so that

o~

@)
2!
=
S

1 3 _
= — — log(1/e) D" 4+ O(1) (7.50)
2C() 2

with

n>1 lines n>1 lines n>1 lines n>1 lines
e R
v n>1 lines ‘
e

. (7.51)

Similarly for Q19 we have

019 = L 3 jos1/e)D10 1 o) (7.52)
T

26() 2
with

RN AL S GRS |

(7.53)

Finally @(ld) has an IR pole in 1/e, since the bubble propagator carries
zZero momentum,

Q1D = O(1/e). (7.54)
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75.4. Partial IR Cancellations in tr[Q]

Now come the IR cancellations in tr[Q(1]. We first consider the sec-
ond term. We notice that the diagrams in (7.51), which contribute in D),
are obtained by two mass insertions in the diagrams which contribute to

ao,
RO = i O (7.55)

and more explicitly, since a mass insertion corresponds to (minus) a deriv-
ative with respect to m? (where m is the variational mass in the propaga-
tors)
2 2
pan _ 19 f<eik1r(o)eik2r(x)>conn_d R AN ()
kiska ™ 2 - 2 <kp.ky
2 a(mZ) X m | 2 a(mZ)

m=1

(7.56)

m=

The effect of the derivative on the propagators from O to X is easy to
understand. The tadpoles with one or two mass insertions are generated
by the derivative acting on the circle (6.18) at 0 or X.

The kernel D1 is clearly non-zero, but it is traceless for € = 0.
Indeed,

~ 192
tr|DIP| = = tr|Q© (7.57)
[ ] 2 8(m2)2 [ ] -
and tr[Q®] scales with the mass m like
O — ,,D—e€ (O]
tr [Q ] — mP=¢ [Q ]]mzl. (7.58)
Therefore, since in the large-d limit, D =2, we have
an] _ _€2=9 . Tqo
tr [D ] - i [@ ] (7.59)

and formally® tr[D!?]=0 when €=0.

80ne must be cautious since tr[Q®] has an UV pole at € =0, so there is a mixture of IR
and UV singularities, that we shall discuss later.
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Similarly we can compute the IR coefficient D) for the third term
and its trace. We obtain easily the explicit result

tr[DU9] = dncoe?(1—€/4) = de?/4. (7.60)

It 1s also zero when € — 0.
Details of the calculation: We have

1/ 1)?
(A 7 <4—) (—kD) (—k3) (ki kp) e~ T FHD0/2
T
£ o- % (%) (—k) (ko) e~ ki kD02
T
oS- : (41) (—K) (—kikp) e~ i D02
T
e N = (—k1k2) e—(k%+k§)co/2

We integrate over K; = —Kk; to obtain the trace and we use the fact that

d
— =4 (l—€/4)
4co

QED. 1
The final result is therefore that the IR divergence of tr[Q1] comes

only from the last single diagram in (7.48), which gives QU4 It is a sin-
gle IR pole in 1/e, since

~ 1/1\> 14 -
(1d) _ T k2 K2y ,— (ki +k3)co /2
le"‘2_4 <4n> 2606( Kp)(—kg)e e (7.61)
hence
4 €\2
)y _— *T(1_%
r{Q] = (1 4) . (7.62)
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75.5. IR Divergence and the Unstable Mode

We now look at the IR singularity in the other terms of the expan-
sion for £,

tr[Q*].

| =

E:trlog[]l—(@]:—z

=1

We have shown in Section 6.5 that the next terms tr[Qf] are of order
O(1) and can be computed explicitly at that order, since they are given
by the contribution of two diagrams only (see (6.46)) in Q, namely the

single bubble diagram @, which is IR finite, and the diagram

@ ——————— @, which is nothing but the IR divergent diagram of (7.48).

Thus we see that all the IR divergences of £(1), i.e. the term of order O(1)
in the 1/d expansion of £ are contained in the last term of (6.53), namely
in the summation of the log series

4
£ ~ Jog (2— —) + IR finite (but UV divergent) term when € — 0.
€
(7.63)

Now we have shown in Section. 6.6 that this IR singular log(2 —4/¢) is
nothing but the contribution of the smallest (and negative) eigenvalue of
the Hessian S”[V] associated to the unstable eigenmode (dilation) for the
instanton

4
Amin =2 — — < 0. (7.64)
€

The conclusion of our analysis of the IR divergence of £=Ilogdet’[S"] is
that, at least at order 1/d, the IR divergence can be attributed entirely to
the contribution of the smallest eigenvalue. This is in fact quite natural,
since IR divergences must come from the large distance properties of the
fluctuations around the instanton configuration.

75.6. A Conjecture for the Large-d Behavior of the Unstable Mode

This IR divergence in our large-d estimate of the negative eigenvalue
Amin for the instanton Hessian does not mean that A, is IR singular
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when € =0, but rather that A, does not behave in the same way when
d — oo, depending on whether € >0 or € =0.

o If €>0, we have seen that Ay, =O(1), when d — co.

o If d is finite and we take the limit € — 0, we have also Ay, =O(1),
as can be checked explicitly for the case d =4, ¢ =0, where we recover the
classical q&i instanton for the O(n =0) model for SAW.

o Therefore we expect that the IR pole in (7.64) means simply that
when we first take € =0, then d — 00, A 18 no more of order O(1), but
becomes infinite (A, — 00).

In fact we conjecture that for the renormalized theory, Ay, scales as d
Amin(€=0,d) >~ O(d), when d— o0 (7.65)

by analogy with the behavior of the leading term £(°), which is found to
behave as

1
-, when d—oo then e€—0
€

(7.66)

Al NI

-d, when €e—0 then d— oo

The first d/e being an UV pole, and only the last éwd being IR. Even
if this form of the conjecture is not correct, it is clear that once again for
the unstable mode the limits € — 0 and d — co do not commute.

8. CONCLUSION

In this paper we have shown how to compute at one loop the fluc-
tuations around the instanton in the self-avoiding manifold model, and
how this is related to the normalization for the large order asymptotics for
the SAM model. We have shown that the perturbative counterterms which
make the SAM model UV finite in perturbation theory do renormalize
(at one loop) the instanton contribution. We have constructed a system-
atic 1/d expansion, and studied the first terms of this expansion and the
interplay between the 1/d expansion and renormalization.

Although we have obtained many results in this article, and checked
at one loop the consistency of the instanton calculus for the SAM model,
several points deserve further studies:
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o It would be interesting to get a better understanding of how to
resum the IR divergences present in the 1/d expansion for the renormal-
ized theory at € =0, or to find another approximation scheme which does
not suffer from IR divergences.

o We have checked that the instanton factor obtained by our method
is for D=1 (self-avoiding walk) equal to the factor obtained by field the-
oretical methods. However, it would be interesting in this case to compare
the approximate result that we obtain via the large-d limit with the exact
result (as was done for the instanton action in ref. 14).

« A practical application of the theoretical results obtained in this
paper would be to compare our large-order asymptotics with our explicit
calculations at 2-loop order for the scaling exponents for the SAM.(2%23)
Since the non-perturbative effects become small when d is large, it is
expected (and checked numerically) that the 2-loop estimates for the criti-
cal exponents are reliable for large d. Such a study would help our under-
standing of the domain of validity of the 2-loop calculations, and perhaps
suggest better resummation procedures than those used previously.

o For renormalized local field theories, in addition to instantons,
other contributions occur in the large-order asymptotics, denoted renor-
malons. They are associated both to the short-distance behavior of the
theory (UV renormalons) and to its large-distance behavior (IR renorma-
lons). We expect that such effects occur also for the SAM model at € =0,
since for D=1 it is equivalent to the ¢* theory, but it is not known how
to treat these renormalon effects (if they are present) in the framework of
the SAM model, which is a multi-local theory.

APPENDIX A. MEASURE AND NORMALIZATIONS FOR THE
FUNCTIONAL INTEGRAL

In this appendix we precise the normalization for the functional inte-
gration over the fields and the treatment of the zero modes.

A.1. DeWitt Metric and Measure for the Functional Integral

We consider the free membrane model. The functional measure D[r]
is normalized as follows. We start from the DeWitt metric G over the
manifold configuration space C={r(x)}

MZ HZ
G(Sr,Sr):z—O/ dPx [sr(x) > = =2 812 (A1)
T Jm 2
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|l...]l» is the Ly norm over M. This metric depends explicitly on an (arbi-
trary) normalization mass scale .

The corresponding measure is defined (formally) by D[r]=]], dr(x) x
+/det G. This corresponds to the normalization

2
/ D] exp (—% /Mder(x)z) =1 (A2)

With this normalization, a quadratic form A with kernel A%, , i.e. (Ar(X))¢ =
S dPy A, (x, y)rt(y), yields

f D[] exp (—% /Mde /MdDyr(x)A(x,y)r(y)> — det [A/;L(Z)]_l/ (A3

To evaluate the partition function for the free membrane

ZO=/D[r] exp <—%/MdeVr(x)2>,

we must treat separately the zero modes ry(x) =ry of the scalar Laplacian
Ay over M and the fluctuations T orthogonal to the zero mode, G(ry,T) =
0. Let G© be the metric for the collective coordinate ry of the zero mode
induced on the “moduli space” of minima of the action r(x) =ry by the
DeWitt metric

2 2
G(8r0,8r0)=§—72fMde|8r0|2 = ¢Wsttsrt GO = “—72V01(M)6a,,.

2
(A4)

Hence the measure is

) dJ2
du(ro) =d?ry/det(G)) =alry [%VOI(M)} . (AS5)

The integration over the modes T orthogonal to the zero modes gives

(det' [— A/ u(z)]) e , (A6)
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where det’ is the reduced determinant, that is the product over the non-
zero eigenvalues of the operator —A /u%. Hence

Zo= f dulrol (det/ [—A /Mg])“’”: / dry 2o (A7)

with the partition function for the marked manifold Z,

A ) —d/2
Zy=(det’ | =5 | o— . (A8)
ug | mg Vol(M)

A.2. Zeta-function Regularization

The det’ requires UV regularization for its definition. We use the stan-
dard zeta-function regularization (see for instance refs. 13 and 24).

d
log(det [-A/pg) =t (log[—A/ugh == —-£()| (A9)
s=0

where the zeta-function ¢(s) for the operator A=—A/ ,u% is defined by the
sum over the non-zero eigenvalues A;

tal)=Y A" (A10)
Ai#0

for Re(s) large enough, and by analytic continuation down to s =0. tr’
means the trace over the subspace orthogonal to Ker(A) (w.r.t. to the met-
ric G).

The operator —A scales with the internal size L of the manifold M
as L~2. Therefore Z(s) scales as

£(s)=(Luo)* Z(s), (A11)

where ¢ (s) is a scale invariant zeta function, which depends on the shape
of M but not on its size L.

If there is no global conformal anomaly, ¢(s) is analytic around s =0
and ¢’(0)=¢'(0) 42 log(L )¢ (0). Moreover, for any such A, one has

£4(0) = —dim(Ker(A)) = — number of zero modes of A. (A12)
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Indeed, one can show that if A has no zero-mode, for instance A=—A+
m?, then ¢4(0)=tr(1)=0 (this is analogous to the celebrated rule §(0) =
0 in dimensional regularization), and if A has N zero modes, ¢4(s) =
lime0[¢a+e(s) — Ne*], therefore $4(0) =lime—0[¢a+¢(0) — N]=—N. The
Laplacian A has one zero mode, and therefore

tO=~1, ¢'0)=¢"(0)~2log(Luo). (A13)
Using the fact that the size of the manifold is defined as
L=Vol(M)!/P (Al14)

we obtain for the partition function

S md)2

)

Zy=L9-D1 [_eg } . (A15)
2r

The dependence on the mass scale wy used to define the measure D[r] has
disappeared, as expected in the absence of a conformal anomaly.

A.3. Conformal Anomaly

It is known that there is no conformal anomaly if

1. D=1 and the manifold has no boundary (closed loop). This cor-
responds to a ring polymer.

2. D=2, the manifold has no boundary and has Euler characteris-
tics x =0. This corresponds to a closed membrane with the topology of a
torus (or a Klein bottle).

3. D non-integer. The model is defined by dimensional regulariza-
tion, as detailed in ref. 13. This is the relevant case for the e-expansion.

If there is a conformal anomaly, £(0) # —1 and there is an additional
power of Lug in the partition function Zj, which depends explicitly on the
scale ug. For instance for D=2 (membrane) it is known that

tO)y=—1+ %X’ with ¢=1 the central charge for the free boson.
(A16)
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Hence
2y o (Lpg)*¥/®. (A17)

APPENDIX B. INTEGRATION PATHS FOR THE FUNCTIONAL
INTEGRATION OVER VIr]

In this appendix we discuss in more detail via the steepest descent
method the functional integration over V(r) and the relative position of
the instanton V™! and of the integration contour over V, as the argu-
ment 6 of the coupling constant b varies in [—m, 7]. This is required to
treat properly the contribution of the unstable eigenmode of the Hessian
S§"[V] for the instanton.

For general 6 e[—m, n] we know from (3.28) that the functional inte-
gral for the rescaled potential V (r) is normalized so that

fD[V] exp (62_: /ddrV(r)2> —1 (B1)

(g is real positive). The effective action for V is given in (3.35)

—i6
Se[V]=E[V] — 62 /ddr V(? (B2)

and for large V is dominated by the last term [ V2. The steepest descent
integration path for V(r) in C is such that (at least for large |V])

Arg(V) = # (B3)

(see Fig. 10). Thus it turns anti-clockwise from the positive real axis for
0 =—m to the imaginary axis for 6 =0 to the negative real axis for 6 =mx.

For general 6 the instanton VQinSt is an extremum of Sy[V]. For neg-
ative coupling (0 ==+ ), the instanton is known. It is the solution found
and studied in ref. 14, VIBt=yinst; it is real and negative; it lies on the
steepest descent integration path given by Eq. (B3). Let us start from the
case 0 =, i.e. b lies above the discontinuity along the negative real axis,
and look at what happens when 6 — 0. From the solution for the instan-
ton at @ =m, V™Y(r), the instanton for general 6 < , Vg‘““(r), is obtained
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ImV

Fig. 10. Integration path for V as a function of 6 = Arg(b).

by analytic continuation from real r to complex r. Indeed, we know from
ref. 14 that for a general V(r), under a scale transformation

V() = Vi()=rCP/C=DVy ) (B4)

the two terms in the effective action S[V] scale, respectively, as
E[Va]=2CPIC=DY g1y, / V2 = /@D / V2 (B5)
r r

If we assume that the instanton VI™t(r), obtained in ref. 14 for real
r, can be continued analytically to complex t’s, then it is enough to take
instead of a real scaling factor A a complex phase factor

A=e® (B6)

and to choose as phase

wg =1 —0) 7 (B7)
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to know that
(eiw)@D/(z*D)) pinst (eiwr) (BS)
with o=w; is an extremum of Sy[V]. Therefore the instanton for 6 <7 is

Vginst(r) — (i(m=0)D/(D—e) y/inst (ei(n—Q)((Z—D)/(Z(D—e)))r) . (B9)

It is clear that this instanton VQinSt is now a complex field configuration,
since it involves both a“global Wick rotation” in r space and the multi-
plication by a global phase. In particular for § =0 (real positive coupling
constant) the instanton is

The same argument applies for 6 €]—m, 0]. If we start from the same real
instanton at § = —7 and deform it to § =0 we obtain another instan-
ton, which is the complex conjugate configuration ngo of the instanton
obtained by starting from 0 =r.

How is VainSl located with respect to the steepest descent integration
path over V(r)? Rather than considering the functional integral over V(r)
for real r’s, it is more convenient to rotate the space coordinate r in the
complex plane. This is equivalent to deforming the time contour in the
complex plane when dealing with time correlation functions in finite tem-
perature QM and FT. Consider as bulk-space coordinates t defined as

P=eir (BL1)
and make the change of variables in the functional integral for V
Vi) - VE®)=V(), T real (B12)

-~

The functional measure becomes ’D[V], the measure for V, and from (B1)
it is normalized so that

—io N
D[V] exp <62—e—1dw3 /dde(f)2> =1. (B13)
g
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The steepest descent integration path for V is therefore the line with argu-
ment

o, THO+dot 7—60 D

(remember that € =2D —d(2— D)/2). In the new variable V the instanton
differs from the original real instanton V™! by a pure phase (see Eq. (B9))

f/‘ginst(f) :ei(ﬂfe)(D/(fo)) ViHSt(f)' (BIS)

Since V™t is real and negative, its argument is 7 and therefore Vein“(f)
has a fixed argument (independent of 7) Q"' given by

N N D
Arg (Vg““(f))zszgmt:n + =0 5—. (B16)

For 6 <, ﬁien“ is larger than ﬁ;r
Qnst > QF if <7 and e <D. (B17)

This means that the instanton lies below the integration path for V, see
Fig. 11. When 6 — & the integration path becomes the real axis (with the
standard orientation from —oo to +o0), while the complex instanton Vinst
becomes the real (and negative) instanton VoSt

With this result the steepest descent integration prescription for the
unstable mode around the instanton at 6 =7 is fixed. We boldly denote by
V this mode. The integration path from 0 to —oo has to start from V=0
(the real vacuum, minimum of the action S[V]), go on the real negative
axis up to the instanton V"' <0 which is a local extremum of S[V] with
action St =S[Vinst]> S[V =0]=0, then “turn right” (see Fig. 12) in the
upper half complex plane in order for the action to continue to increase,
while leaving the instanton below, then go to —oo. The first part of the
contour (from V™' to co) contributes only to the real part of the parti-
tion function Z for negative coupling (and is dominated by the classical
vacuum V =0). The second part of the contour (from —oo to V™) con-
tributes to the imaginary part of Z; in fact the dominant contribution to
the imaginary part comes from half the Gaussian integral in the imaginary
direction at the instanton

Vinst

f dv (B18)
VinSt-'riOO



Instanton Calculus for the Self-Avoiding Manifold 1003

ImV

o<m

Fig. 11. The integration path for V and the instanton Vst for =7, 0<6 <7 and 6 =0
(we have set € =0).

Fee e
‘I
0=n
@ @
Instanton classical vacuum V=0
@ @
=T
:
.................. e’

Fig. 12. Steepest descent integration paths for the unstable mode for 6 ==+mx.
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and gives a factor
1 N -12
—iz ‘det (5”[1/'““])‘ (B19)

when compared to the full contribution of the Gaussian integral (the fac-
tor —i comes from the integration path, the factor 1/2 from the fact that
we integrate the unstable mode from ioco to 0, not from ico to —ico).

The same argument shows that for § — —x the instanton is above the
real axis. Therefore for the unstable mode the steepest-descent integration
path has to stay below the real axis, with factor

1 /771 inst —1/2
i )det (S [v ])) .
These are the results used in Section 3.3.2.

APPENDIX C: SAW: D=1 SAM VERSUS O(n=0) FIELD THEORY

In this appendix we recall the “Laplace-De Gennes” equivalence between
the zero-component O(n =0) ¢* field theory and the (weakly) self-avoid-
ing walk model, which corresponds to the case D=1 for the SAM model.
The first part of this appendix (Sections 1-3) is basically textbook mate-
rial, recalled here to fix the notations and the normalizations. We then
show that the standard instanton calculus for the O(n =0) model gives the
same result as our instanton calculus for the SAM model in the special
case D =1. This provides an important check for the consistency of our
method.

C.1. Free Field and Brownian Walk

The action for the scalar free field in d-dimensional space is (note the
factor 1/4, which is not the most commonly used)’

1 2
Sld1= [ Ve + @) )

9Two choices of normalizations are convenient for polymers: Here we use So[¢] =
J.(1/4) (Vi¢)* + (m?/2)¢?, which corresponds to having the polymer action Spolymer =
L (1/2) (Vr(x))%. The other convenient choice is to use Sy[¢] = i 1/2(Vi$)? + (m2/2)¢2,
which corresponds to Spolymer = fx(l /4) (Vr(x))z. This is the choice most often taken, see
e.g. ref. 4. Here we employ the first choice, since we want to use the most convenient
normalization for the polymer action. We also note that for both choices, e’L’”z, with L
the length of the polymer is the weight in the Laplace-De Gennes transform.
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The two-points correlation function is

1
Go(r,r;m?) = <¢(f1)¢(rz))o=<r1lmlr2>

OO —Lm? LAJ2
/OdLe (r11e2 2 ry), )

and is the Laplace transform with respect to L of the heat kernel
K (r,ro; L) =(r1|e“2/2|ry), which admits the random-walk representation

K.t Ly =(r]eX2 2y = | DreJu2®7ds (C3)
r(0)=r
r(L)=r12

with 7 =dr/ds. To check the normalization, use the semi-classical estimate
for the small-L limit of the right hand side of (C3), K ~exp (—|r|?/2L)
and check that 20K /0L = AK. In particular at coinciding points

1 (0,¢]
<¢<r1)2>o=<r1|m|n>= /0 dL ™ (r]e A2y (C4)

and the heat kernel at coinciding points admits the closed random-walk
representation:

_ M2
K(r,t; Ly =(rle 22y = | Die b0 — zoepyp_y, .
r(0)=r(L)=rq

(C5)

It is the partition function for a closed one-dimensional membrane (i.e. a
closed polymer, or a loop) with length L, attached to the point r;. Simi-
larly for the one-loop connected diagram

1 1
SO = 2[00 — (911206 (1270 ]

2
[g=veerli]
00 ) L
=/ dL ¢t / dL| x
0 0

/ DI s (r(0) — 18 (r(Ly) —rp) ¢~ Ju 1/2(%ds

o0
i 1 @)
= dL e I L=V ROy r ) C6
/0 e o (n 2)D=1,L (C6)
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This means that the first derivative w.r.t. m? of the left hand side of (C6)
is the Laplace transform of the 2-point correlation function R(()z) for a free
closed loop with length L. Similarly connected correlators of a product
of N ¢?* operators are associated to N-point correlation functions for the
closed loop.

C.2. SAW and O(n=0) Field Theory

It is well-known that this equivalence extends to the Edwards Model,
defined with the normalizations as in (2.12). The O(n)-invariant ¢* model
is defined by the action

o[ al N2 (20 b (- \2
1= [ @' (vd) +5(¢7) +5(57) )
with q_5 a n-component real vector field:
¢={(¢"a=1,n} (C8)

t=m? is the squared mass, b is the coupling constant.

The model is equivalent to the Edwards model of polymer with
(weak) 2-chain repulsive contact interaction, as defined by the model of
(2.12) for the D=1 case. The equivalence holds thanks to the very same
Laplace transform between correlation functions as in the free case (b=0).
It is valid to all orders in perturbation theory, that is as an asymptotic
series expansion for small b. The operator (1 /2)¢32(r) is represented by a
8-distribution, or more formally'”

1-
5¢2(r) < /dDXS(r(x)—r). (C9)
For instance, for the 1-point correlators we have
.2 [1- 2 *© —Lt
lim ={=¢(r) =/ dLe ™ Z(r)|, (C10)
n—0n \2 0

10Note the factor of (1/2). Intuitively it is there to compensate for the fact that the two fields
of ¢ can be contracted in two different ways. This also leads to a relative factor of four
between the interactions (2.12) and (C7).
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and for the two-points correlators

m%<%$<r1>2%$(rz>2>=/owd“L’LIRQ)(rl»fz)IL (C11)

li
n—0n

etc.

C.3. Instanton Calculus and Large-Orders for the O(n) Field Theory

We now recall the principle of instanton calculus and large-order esti-
mates for the scalar O(n) ¢* field theory, following the standard references.
This example is useful, since in the limit of n=0 it describes polymers, i.e.
D =1 membranes. The field is a n-component real vector field ¢(r), ¢ =
(¢%; a=1,n). The action is the O(n)-invariant ¢* action

o[ a ] N2 toos boosy
Sd1= [ atr 3 (v8) + 56+ 5@ 1)

t=m? is the squared mass, b the coupling constant. We are interested in
observables O[¢] which are local monomials in ¢ with degree d, in ¢, the
simplest being the energy operator E

E[ri]= (@)*(r), degree(E) =dg =2. (C13)

The expectation value for the observable O is given by the standard
formula

1= [ Dig101e 5 / [ Di)es (1)

We are interested in the large orders of the perturbative series expan-
sion in b. As we have seen, we have to use the dispersion relation in the
complex-b plane and consider what happens for small b close to the nega-
tive real axis, where b is complex and its argument is close to £. There-
fore we rescale the field

p=|b|""?p,  with  6=Argb). (C15)

This gives

1 1 6
SIf)= — Selel.  Selyl= / dlr S+ 26 )+ S 2

D] 8
(C16)
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so that

O[p] e=Sele)/1b]
fD e~ Sole)/1b]

(O[¢]) = wHW”ommmun%mf . (C17)

For small positive b the functional integral is dominated by the constant
classical saddle point

Po(r)=¢o=0 (C18)

constant and absolute minima of Sy for 6 =0. The functional integral is in
fact well defined as long as —m <6 <+mw. Now along the cut at b <0, that
is for 6 =+, another real extremum of the action Sy becomes important,
the instanton

=i (r; ro, o) = ¢; (r —ro)ido. (C19)
The instanton is characterized by its position r( in space, and its orienta-

tion #g in the internal n-dimensional space (i( being a unit vector in R").
@; (r) is the real finite-action solution of the equation

1
—Argi + 19— 3 (@) =0, (C20)
which is rotationally invariant around the origin (i.e. depends only on |r|)
and is non-zero except for |r|— oo (or equivalently >0, this is enough to
define it uniquely).

The contribution of the instanton in the functional integral is at one
loop proportional to

e 1) [Det' [55Gn]] 2. (C21)

The measure for the collective coordinate ry (the position of the instanton)
is easily obtained, since the metric is

1 1 1 N
hap=—— | dr = (8,3;0p3;) = ——— V@i |12 Sup.- c22
abzmm/' < Qi) = 5 138 (C22)

Hence the measure is

. d/2
wmw=ﬂm[ IW%M} - (C23)

2 |bld
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The measure for the internal coordinate i (the orientation) is

1 e | RICEVEY
du(ig)=dug | —— [ dr¢; =|——I\¢ C24
iy =dio | 5o [ ate?| i

with diig the standard measure on the unit sphere S,_; in R". For the
O(n) invariant observables which are of interest to us, the integration over
S,—1 can be performed explicitly, giving the factor €, (the volume of the
unit sphere in R")

i 27/
Q, = / (i) =Vol(S, 1) = . (C25)

Sn—]

Note that this volume factor 2, vanishes as n when n— 0. However, since
O(n) invariant observables such as ¢%/n behave in the background of the
instanton ¢; as <pi2 /n and are therefore of order 1/n, the factors n and n~!
compensate to give a finite n — 0 limit.

Now the Hessian is a n x n matrix in internal space,

7 N 8259((/)) _ -2 a b
Sab(r,r)—m—gab(—A‘Ft) — ((Sab(p /2+§0 ] ) (C26)

Hence for the instanton background ¢; =¢; iy the Hessian can be written
as the product of the longitudinal operator

3
§'==A+1=3¢] (C27)

times n — 1 transverse operators
" 1 2
S/=-A+1-547. (C28)

§"=5"® (Sj_’)”fl. Note that §” has d zero modes wlo# =d,¢; and that S
has one zero mode ¥ =¢;, so §” has d+n—1 zero modes. Thus

det'(S") =det'(§") det’(S])" ! (C29)

and in the n=0 limit

_ det'(§)

det’(S” =, C30
€ ( )|n=0 det/(SJ,_,) ( )
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(a)

(b) (0

Fig. 13. Steepest descent integration path for the global ¢ variable for 6 =0 (a), 6 =z (b)
and 0 = —7 (c). The black dot represents the classical vacua ¢ =0 and the white dots the
2 instanton saddle-points ¢ = +¢;.

S/ has one (and only one) eigenvector ¥, with negative eigenvalue A, <
—2t. Therefore det 5’ <0.!!

To understand which sign must be chosen for the square-root of
the negative determinant [det(S”)]~'/? (+i or —i ?) we have to consider
the steepest-descent integration path for the global ¢ variable. It has to
go from Argp=m +6/4 to F6/4, hence for 6 =+x it is as depicted on
Fig. 13.

Hence the instanton contributes to the imaginary part of an observ-
able by a coefficient

% |det' ()| it o=+x. (C31)
The rest goes into the real part together with the contribution of the clas-
sical vacuum ¢y.

Putting things together, and using Eq. (3.12) we obtain for the imag-
inary part at b <0 of the e.v. of the O(n) invariant observable O and for

HThis is true for d <4, for d =4 there is no instanton solution for ¢ > 0, for r=0 there is an
instanton with an additional zero mode 1,0,“ ;= (Ve +1)g; corresponding to the scale invari-
ance of the massless theory under scale transformation ¢(r) — Ag(Ar). The instanton at d =
4 is obtained from the instanton for d <4 by taking the limit d > 4, r x4 —d.
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arg(h)=0==m

IM(0) = T & |p|~d0/2 =116 (Stei)-Slen)
2

Iy roal n—1=1/2)

| det' 5/ LD (det (70D
det(S"[eoD"

1 dj2 1 (n—1)/2

x[ ||w||2} [—ngol-nz}
2 |bld 2 2xlp]
< / d't, (O[@ilro]] - Olo)) (C32)
while of course
Re((0)) = 0 (o). (C33)

In particular for =0 and O a product of energy operators E defined as

1 -
oiln] = lim —((r))’. (C34)
P +
Oalri.ra] = lim ~(B(1))($(r)” (C35)

and omitting the i subscript for “instanton”, we obtain

1 det’s” —(1/2)
IM(O) = =~ |b|~(@+D/2) ,~(1/IbS; d
(01) =3 bl deU's]

d/
_ IVe;l12
x (27r) =D/ [TZ llil2 (C36)

1 det’S/ —a72
Im(O[r.6)) = T = bf((d+3)/2) —(1/1bDS /
(O1[r, 2D :':2 |b] e det's]

vei2]"?
_ () _
x (27r) =D/ [Tz} lpll; L o** @ (r —r2)

(C37)
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» denotes the usual convolution product fxg(r)= [dr f(r)g(r'+r). Note
also a few useful results

po=0 — S[po]=0 (C38)
1
Sleil=¢ f dr o} (C39)
1
/ddr(vwi)2=—t/ddr<pf + z/ddnp?. (C40)

C.4. Instanton Calculus for the SAW Model of Polymers

Since the Edwards model for SAW is the inverse Laplace transform
w.r.t. t =m? of the O(n) model, instanton calculus must take into account
this transformation and is (slightly) modified, as is explained here.

The action for the SAW model is

1 b
S[g]= / (V) + §¢>2 - ',7'<¢2>2. (Cal)

We have by inverse Laplace transform, for a closed polymer of length L

+ioco d
Z(5L) = f A0y ) (C42)
—ico 21
+ioco d
R(ri,r; L) = L/ .—te“<02(r1,rz:t)>. (C43)
—ico 21

So we consider the effective action

1 b
Sl 1= / [Z<v¢>2+§¢2—%<¢2>2} _—y (Ca4)

To factorize |b| and L we must rescale both ¢, ¢ and r with

d(r) = |b|(—d/(2(d—2))) 1 —1/d=2)) ﬁw(r’)’
r— |b|(1/(11*2)) L=y

f = |b|(—2/(d—2)) L(2/d=2) . (C45)
The action becomes

S[p, (1=2[bILT YD Sp, 7], e=-—— (C46)
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and the effective action is now

1. NN
Sle.1 = Slel- 5. Stel = [ (Z<V¢>2+§¢2—Z(¢2)Z). (C47)

The effective coupling constant is

1 (2/(d-2))
b= [1bIL°] (C48)
instead of |b|.
The instanton is given by the saddle point equations
. A 3 2
¢=puo. —S¢+tre—9¢’=0, =1 (C49)
and the Hessian is
S// {é
/"
S _[(Z, 0] (C50)

It can still be separated into its transverse part, which is n — 1 times the
transverse operator S/

A
Sj=—3+r—<p2 (C51)
times the longitudinal part
1 A
‘S}//:|:2t §8:|7 &//:—34-‘6—3(.02’ (C52)

which has d translational zero modes, namely the W, = [%"} since

@Y= [0dp=1/2 [ 3,9>=0. It is then easy to show, denoting by P, the
projector onto the kernel of §" generated by its zero modes, and defining
the “inverse” of §" as

1 (PP
[y} =(§'+R)" =Py (C53)
1
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that!?
i
det'§” = det (Sl ;F,P 0 ‘8) =det (/' + Py) det(—¢'(S/+ Py ')
1 /
— _det's) (¢. [ﬂ .¢> . (C54)
But it turns out that
I PR (r-v+1) (C55)
s/ = 21 ¢

Indeed, one can check that rVy as well as ¢ are orthogonal to v, and an
explicit calculation shows that

[_gﬂ _3¢2] FV+Dp=—2t0. (C36)

It follows that the additional factor in the determinant (which comes from
the integration over t at the saddle point) is

17 1
- (w[y] ~<p> =5 /(p(rVJrl)go

d-2 [ 5, d-2
47 /¢ 47 (C57)

7 is >0 if d <4, so this factor is negative for 2 <d <4, but the integra-
tion path over t is also imaginary (it goes from —ioco to +ioco). Thus the
integration over t gives the factor

Q) |p| Y/ d=D) [ 2/~ (C58)

(coming from the measure (dt/2ix)) times

21 172

- C59
befr ((d —2) /47) (©9)

12This is an application of the general formula for the determinant of bloc square matrices

A B _
det[c Di|:det[A]-det[D—CA 'B]
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coming from the Gaussian integration. This gives
d—27"12
[n } | 1/d=2) (/-2 (C60)
T

For the observable ¢2/n the integration over the zero modes gives

2|~ /@2  (-2/@-2) St f o =2|b| @DV [ -2E-2) (g1
n

times the measure and determinant factors

-1/2 /2 —(/2
o2 Vel a2
27 befr 2 begrd

det’S/’
/
det’s"]

d/2 —(1/2)
_ 2 rQln
:[71|b|(2/(d—2))L((4—d)/(d—2))](1 42 | Vel det’S;

d det'S"

(C62)
Putting things together we get
1 B 3 1(-2/@=2)
ImZ(r: L) = F 5 L [Ip|L] D) o= @s-obiL]

det/s}//

X !/
det’Sy

~(1/2) 27472 —(1/2)
IVell; d-2
) C63

|: wd 47 ( )

Remember that |b|L€ is dimensionless. We show below that with our nor-
malizations and the equation for the instanton.

t=@4—d)S, |Ve|*>=24dS. (C64)

This simplifies slightly (C63)

1 o -2/
ImZ(r: L) = 5 1-d/2 [|b|Le]( 2d/(d 2))6—(d—2)S[|b|L ]

b4 d-2 '

det's/

X T
det’s]

(C65)
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C.5. d — 4 Limit and Scale Invariance

The O(n) model at d =4 (¢ =0) becomes scale invariant and the inst-
anton has an additional zero mode associated with dilations. For the SAW
model nothing special occurs when € — 0 (as far as global scale trans-
formations are concerned). Here we show in detail how the dilation zero
mode is absorbed in the transformation O(n) — SAW, and the form of the
instanton and of the large-order results at € =0.

We first derive a few exact results. If ¢ is the instanton, solution of
((—A/2)+1)¢ —¢> =0 and the Hessian is §'=(=A/2)+1 —3¢? then

17 1

[?} ¢=—5("V+ De, (C66)
l
17 1

[ﬂ o' =-3¢, (C67)

(@|0v+10) = [Pevne= [(+1m)et =222 [ o co9
:_2f(¢3[$]/¢):_zf( [Si] %) (C69)
—(vlo) =7 [ & (C70)

The instanton action is

Hence
4—d
/¢2=75, /(w)Z:zd s, f¢4=4s. (C72)

Now remember that 7 is fixed by the normalization [¢@?>=1. In the limit
d — 4, we must take the limit T — 0 to get the finite-action instanton. The
general solution of the equation —Ag@=2¢> at d=4 is

2r, : ) . 2
O(Ng=4= —02, with corresponding action Sy_4 = 2. (C73)
r2+r] 3
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ro is the instanton size. The size is arbitrary for the massless d =4 theory

by scale invariance. For r>>ry, ¢ satisfies the linearized equation —¢” —
((d—1)/1)¢’ +219 =0 and is a Bessel function

o(N ocr! =K g1 (V271) (C74)
and is such that
(N ~Cr for p<r<1/v7, oM oce ™ for r»1/J7. (CT5)

To match this behavior with the large-r behavior of the instanton at d =4,
the constant C must behave as

Cd)=2rp(1+0(s)) with e=4—d. (C76)

For fixed rg, we must let T — 0, but at which rate? To evaluate this, use
the equation (C72) which tells us that 7 [¢?~eS;—4 when ¢ — 0. When
evaluating [ @2 in this limit, it is easy to see that it is the contribution of
the domain ro «<r <« 1/4/t which dominates the integral, so that

00 1/JT 2
/(p2 = Qd/ drr"*1<p(r)2:2n2/ drrd=! (C r2*d>
0 fo

~ 272 (2r9)% In(1/rg/7). (C77)
Therefore t goes indeed to zero as d — 4 according to
e=4—d~61r2In (1/Tr3). (CT78)

Now if we consider the polymer, we have to keep its length L =1
fixed, hence [@?>=1. Then the instanton size ry has to vanish together
with v as ¢ > 0.

£ 272
1=—§ — 1>e——
T

1
- rhh~x——.
3 0 2r+/In(1/¢)

Finally, we are interested in the smallest positive eigenvalue A* of the
Hessian §” and the corresponding eigenvector ¥ . As ¢ — 0 we expect

(C79)
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that AT — 0 and ¥ — (rV+41)¢ the zero-mode for scale transformations.
In this limit AT can be estimated as follows

LY + +
— ~ — C80
(w\[sl} ) (ply ) (W "”)(wﬂw) (C80)

But on the left hand side is equal to

2—d 1 1
—T(¢|¢)—E(¢|¢)=E~ (C81)

Using the asymptotics obtained for ¢ in the & — 0 limit

2 2

(N =2rpr > = YT (N==2rr > for ryrkl//z, (C82)

we obtain

Wl =—@lp=—1 @ YyH=@lp=1 for e—0. (C83)

Hence the smallest positive eigenvalue of §” vanishes as &, when d — 4, as
expected

4 2
)ﬁ:Zt:%s for ¢—0. (C84)

Thus in the limit d — 4 the Hessian §" gets an additional zero mode, so
that the zero-mode subtracted determinant det’ is discontinuous at d =4
(limg_.4 det’ [§)'] # det’ [limy—4 §/']), but we can write in the semiclassical
estimates

det' [§'] ~ama AT det’[§],_,]- (C85)

The singular factor t!/2 in Eq. (C63), which comes from the integration
over t, is canceled by the AT in det’S/’, as expected, since we cannot have
IR divergences in the semiclassical estimate at d =4. We get the IR-finite
result

1 a2 [det’s” TP 1672
m 2 1) = 53 12 b~ 35 |20 86
1

where the IR singular terms coming from the dilation zero mode have
disappeared. The UV divergences are contained in the two determinants
det'[S"].
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C.6. Comparison SAM Versus O(n) Field Theory for the Coefficient
of the Instanton

We are now ready to check that the determinant factor for the instan-
ton obtained by our method (non-local SAM model) is equal to the coeffi-
cient C86 obtained by instanton calculus in the O(n=0) local field theory.

We have already checked in ref. 14 that for D=1 the instanton cor-
responds to the instanton for the ¢* field theory.

For D=1 the free energy density £[V] is nothing but the ground state
energy Eo of a particle with unit mass in the potential V, i.e. the lowest
eigenvalue E( of the Hamiltonian operator

H=-— % + V(D) (C87)

acting on functions over R¢. We denote yy the corresponding ground-state
wave function.

EIVI=Eo, Huyo=Eovo. [vol’= / V=1, (C88)

The saddle-point equation is (using first order perturbation theory)

SE[V] SH

Vn= =— (Yol

[ 2
sV w(r)lllfo)— [¥o(n)|>. (C89)

So it can be written as the non-linear Schrodinger equation + constraint

1
—3 Ao — Eo o — Y3 =0, Ep such that /w(%: 1. (C90)
r
This is equivalent to the saddle-point equation for the polymer instanton

1
—A(p+r¢—§(p3=0, 7 such that /¢2=1 (C91)

by the identification
Yo =e(r), Ey=—1. (C92)

In particular for L =2 this gives ¥o=¢/2, r=r" and Ey=1/2.
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Using second order perturbation theory we have

=i

where as in a previous section the “inverse prime” of an Hermitian oper-
ator means the inverse of this operator restricted to the subspace orthog-
onal to its kernel

—82E0 =2 ro(r
SVev() 1)<1

rz> Yo (r2), (C93)

1 ! 1
[Eo—H] = Eo—H+ P =Py,  Po=v0) (Yol (C94)

If we denote by ¢y the operator which multiplies any function ¥ by v
vo: ¥ — Yoy, (C95)

we rewrite (C93) as

2 /
3¢=<n)2 1//0[ : } wo\rz>. (C96)
SV (r)8V (ry) Eo—H

The second derivative of the effective action I' is thus

I =142 [ } V. (C97)

Ey—H

If there where no problems with the zero modes, we could write

det(H — Eg —2y2)
det|1+2 =
’ [ i ‘”O[EO—H] "} det(H — Eo)
det(—A /2 — Eg—3y?
_de (=A/ 0 Iﬂzo) (C98)
det(—A /2 — Eg—y3)
quite similar to the ratio of determinants
det (S

det (S])
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but the zero modes require some care. Let

A=H-Ey=—A/2—Ey—y3, (C100)
B=H—Ey—2y=—A/2—Eo—3y¢, (C101)

where v is the zero mode of A and since d,A=B, V, =0,y are the d
zero modes of B, while W, =3, are the d zero modes of I'” (as can
be seen by using W, =—-0,V/2, or by direct calculation).

We use the following simple result. Let E be a hermitian operator.
If E has zero modes, let n=dim(Ker(E)) and ®; a basis of Ker(E) and
Ko=), |®;)(®;| the projector on Ker(E). Let F be another hermitian
operator such that its restriction to Ker(E), F' = KoF Ky is invertible.
Then

det[E +eF] = €"det'(E) det(F’) with of course
det(F") = det [(®;|F|®;)]. (C102)

Now we consider

I'=T"+el (C103)
and obviously
det (I)') =€/ det’(I'). (C104)
Rewrite
1— Py
I'=14+e-2¢p—-"— C105
e =l+e WOH_E0+O{POWO (C105)

(this does not depend on the real number «). Then, since we now deal
with invertible operators, we have

1-P

_det[(14+€)(H — Ep) =293 + (1 + )+ 2y73) Py
N det[H — Eg+a] '

(C106)
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Obviously
det[H — Eg +a]=adet' [H — Eg]. (C107)
Now consider the (non-hermitian) operator in the numerator
Be = (1+€)(H — Eo) = 25 + (L + o +2y) P, (C108)
which is not very different from the hermitian operator
Ce=(14€)(H — Ep) —2y. (C109)

If ¢ is a vector orthogonal to Ker(H — Ey), i.e. (¥|yg)=0 (or Pyyr =0)
we have

By =Cey. (C110)

So the only difference between B, and C. is when applied to v

Beo=(1+e)avy, Ceo=—2v;. (C111)
In a basis of the eigenvectors v; of H— Ey, Be and C¢ have, respectively,
the form
b= ((h:)e)a sii‘)’ €= (Z, Z‘é) (2
with
a =1+e€a a:—wag
b = —2f¢3¢,~ dij=(+e).. (C113)
Thus
det (Be) = (14 €)a det(d;)) (C114)
while

det (Ce)=(a—b-d~'-b")det(d;)). (C115)
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Now B=Cc.—o has d zero modes, the V,, =3,v, hence

det (Cc) =e€?det/(B) det [%}W} (C116)
We have
1 [ -
1= [ @uvo) =5 [ 1590l )

and since (H — Eg)V,=2y2V,

(VulH — Eo|Vy) /wo A vodvo == /wolwol Sus  (C118)

since g is invariant by rotation. Hence

2
det[(VulH—Eole)} [ S Y3 19l } ' (C119)

Ak Nz

It remains to calculate the coefficient @ —b-d~!-b'. For this we use the
fact that

1
a—b-d=1.p

) (C120)

—(100
which follows from (C112). Now a simple calculation shows that

B(F- Vo +v0) = (= A /2 — Eg— 392 (F- Vipo + o) =2Egvro (C121)

and since v is orthogonal to the kernel of B we can write

1
lim 0=z vo= 51 Vv0-+ vo). (€122)

e—=0 C¢ Ey (

Therefore, integrating by part and using the fact that ||y||> = f Wg =1 we
obtain

1

1 - 2
lim———— = —(Y[f-V
T 2E0W0| Yo+ Vo)

1 N o d
=5 [ W@ It =7 €12)
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Hence finally

(C124)

2090 219 4Ty _ 7~y 2
det[r] = 2= |:2f1ﬂ0 |V1ﬁ0|:| det'[H — Eo—2y5]

4E, [ 1Vil? det'[H — Eq]

Putting this result into (3.50) we get (using the fact that Vz—wg)

24/2 _
v 70
ImZ(b) = q:%/ddro [V” o ] |:2 d] o VS

det'B|~1/?
det’A ‘

wd 4E
(C125)

to be compared to (C86).
For this remember that we are dealing with rescaled fields and cou-
plings (with tildes). So we go back to the original variables by rescaling

r— [|b|LD]_((2—D)/(2(D—€))) r V— |b|_(D/(D_€))L_(DE/(D_€)).

(C126)

)

It gives for D=1
r— [IbIL]" P r, Vs b @@ @D/ (127

Since Z(b)= [ d‘rZ(b) we obtain

2qd/2
| Z2)) r —(d(6— _ Vg

—(1/2)
2—d7 ¢ ~Q/(d=2) [ ~((4—d)/(d=2)
% |: ol L r

det'B|~1/?
4Ey ‘ .

det'A

(C128)
This is the same as (C86) since

EO = -1, B=Sl”7 A=Sl5 ‘(/[0:(/)7
1
r= Eo+§/1//6‘=(d—2)s (C129)
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APPENDIX D. USEFULL FORMULAS FOR DERIVATIVES
OF TRACES AND DETERMINANTS

To compute the Hessian matrix (5.39) of the variational energy Eyar
given by (5.28) we need to compute the matrix derivatives

2 2
o 9 D=2)/2 p-2/»T\~1/2
8M3M“[M“/] and 8M8M(&ﬂPA; /D 4 M« vq)

1
with My = 2 (M+M) (D1)

the symmetrized of the matrix M, at the special value M= M, 1. To com-
pute these derivatives it is useful to define the matrix Qgj)=e; ® ¢; as the
matrix which on the line i and row j is 1 and is 0 elsewhere,!? so that for
any matrix A={A;;}

9A JA,

o, lr g,

1
=5(Qap+Qun)- (D2)

Using this we can compute the first derivatives

B 0
—'[I”[Aa] =« tl"[Q(,'j)Aa_l], —_— det[A] =det[A] tr[Q(ij)A_l]
A IA;]
(D3)
and using the important formula
Qij)Qurny =Qainy 8 ji- (D4)
the second derivatives for the trace
3 9 ale—1) , 5
——t " = A% Sik8i1+8i1d; D5
54 9An r[ s] oy 3 ( ik8j1+ 8k tl) (D5)

and for the determinant (n being the dimension of the matrix, so that
det[Al]=A")

9 0 ~(1/2)

—— —— [det(A* 1+ A?

TA; Dy LAtATTHAD)]
(2Aa)—(n/2)

16A2

A=Al

(680 +a@ =) Gusjx +ousn)  (DO)

Bie Q= {Ql(‘,»lj) =81}
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APPENDIX E INSTANTON CONDENSTATES

Here we show that if V (r) is the instanton potential, and & its action,
we have the exact identities

V(D) = —fV(r)zz—Z (1 - i)_l S, (El)
r

2y d 2 i’l
(VD2 _—Efr\/(r) =—d (1—D) G, (E2)

where the ev ( )y refers to the auxiliary model of a free (non-self-interact-
ing) manifold trapped in the potential V(r), with action

svinl= [ 5V + V) (E3)
X

The first equality in (El) follows from the instanton equation of
motion {p)+V =0 and from

(V(f(Xo)))VZ/V(f) (5(F—I’(Xo))>v=/V(I’) (p(O)v. (E4)

r r

while the second equality comes from a simple result of ref. 14, rederived
in Appendix F, see Eqgs. (F6) and (FS).

The first equality in (E2) follows from the equations of motion for the
auxiliary model with action (E3) and the instanton equation. If we make
the change of variable

r(x) — Ar(x) (E3)
in the functional integral we obtain (up to contact terms proportional
to 8°(0) which vanishes in dimensional regularization, and which cor-
respond to the normal-product definition of the composite operator
(Vn2= : (V%)

(VD) + (r%V (D), =0. (E6)

Now we can rewrite this second term as

(r.vrv(r)>V:/r.VrV(r) (8(r—r(Xo0)))y (E7)

r
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and using the instanton equation and integrating by part we rewrite it as

1 d
(r-VrV(r))Vz—/rr-VrV(r) x V(r)=—E/rrvr(V(r)z):E/rV(r)z.
(E8)

QED. 1
Then we use (E1) to obtain the second equality in (E2).

APPENDIX F: A VARIATIONAL BOUND FOR THE SMALLEST
(NEGATIVE) EIGENVALUE

In this section we derive a bound for the (negative) smallest eigen-
value A_ of the Hessian S” which is associated to the unstable mode. The
basic idea is as follows: The instability is visible by studing a rescaling of r
and correspondingly X, V and £. The unstable mode has a non-vanishing
overlap with this dilaton, which leads to a variational bound.

First of all, we recall the rescaling

r —> ry =Afl, (F1)
X —> x, =ATDX, (F2)
2
V() —> Vo(t) =AT-D V(). (F3)

Under this rescaling the two terms of the effective action scale as

E[V] —> E[V,]=ATDE[V]: (F4)
FIV] — FIVi]=AT5 F[V]. (F5)

Now we consider the full effective action
S[Vi]=E[Vi]+ F[Vi]- (F6)

The saddle-point equations for the instanton inforce

2D
2—-D

S[Vinst] + 2e F[Vinst]’ (F7)

d
OZA'_S[V)»:”V:Vmsl: '°_D

dx

which implies

S[VinSt] — _% f’[vinst] (Fg)
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The dilaton-mode is

2 2 2
(ra7) s = (5225 ) e (525 ) vy

dx -D
__4e(e—D)

| (F9)

Note that it does not matter, due to (F7), of how one exactly defines the
dilaton: one could use A%2d?/d)? instead.
On the other hand

(F10)

di y=yinst

d\> . .
(“) SV =(w-8"-v)|
with

=2 d yinst F11
Y(r)= FTRL (r). (F11)

Expanding in eigenmodes,

VoS | =Y ek ) S (). (FI2)

Therefore we have the exact bound

sty (M(d/dn)> S[V,™]
min X = . ] . (F13)
W) (@i @/dnvieie)
Using
d 2—D
one obtains the still exact bound
2
)\min\_é(D_e) fr o (F15)

2D2 [ V() +(Q2~-D)/2D)yrVV ()

This bound can of course not be calculated exactly, if we do not know
exactly the instanton potential V. However, we can use the variational
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approximation for V™t to calculate the right hand side of (F15) approxi-
mately. Using for V (r) the Gaussian V (r) =exp(—r2/2) (all normalizations
and the width cancel at the end), one obtains

—2e(D—¢)
Aomin <AYAL = )
=T min ™ 5 DyQ2D —€)+€2

(F16)

APPENDIX G: NORMALIZATION W.R.T. THE VARIATIONAL MASS
my,e IN THE VARIATIONAL AND POST-VARIATIONAL
CALCULATIONS

In this appendix we discuss the rescaling used in the variational and
large-d calculations of Section 5, where all quantities are expressed in
units of the variational mass scale m. This rescaling is in fact quite sim-
ple and natural, but it might become confusing in some calculations, so
we present it here carefully and thoroughly.

G.1. The Rescaling for x, r and g

The variational mass m satisfies Eq. (5.14), which amounts to
mP =€ =2cy(dmco)??, (G1)

where cy=co(D) is the tadpole

co=(4n)D/2F((2—D)/2)=Q. (G2)

As in ref. 14 we perform the rescalings X — X in D-space and r—r in
d-space, with

x=m~'x, p=mp, r=m P2y k=m> DIk (G3)

in order to set the variational mass to unity m — m = 1. In the new
units the instanton potential V and its Fourier transform are rescaled as
V — V with

vin=mPy . (G4)
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In addition we also redefine the measure over r in d-space (and the corre-
sponding measure over Kk in reciprocal space) as

/ddr — / with/:me_D/dd[:mD/ddr (G5)
r r

dk . pe [ dk _p [ d%
—(Zn)d — /k w1th/k_m (Zn)d_m i’ (G6)

With this new measure the definition of the Fourier transform V of V in
d-space is changed into

VK= / Ky, V= / XV (k) (G7)
r k

and using (G4) the rescaling for the Fourier transform V of the potential
V is V—V with

V) =V (k). (G8)

Finally since the functional integration measure D[V] over V is norma-
lised by (B1), which involves the measure over r and the effective cou-
pling constant g, (this is equivalent to state that the metric G(8V,d8V) =
(—e 9 /4mg) fr¢SV(r)2 over the space of V configurations depends on g
and the measure over r), the rescaling of the r-integration measure (GS5)
amounts to a rescaling of the effective coupling constant g — g with

g=mPg (G9)

b=mP~¢b. (G10)

G.2. Consequences
G.2.1. Normalization for Integrals and Distributions

With these normalizations all powers of m disappear in the varia-
tional and post-variational calculations, but we have to be careful when we
perform Gaussian integrals. Indeed the following Gaussian integral gives

—K2¢
e Z 06, (G11)
k
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where ¢g is given by (G1). Indeed, we have using (G6) and Eq. (G1) for
the variational mass
/ e = D¢ (4c)) P =m P @rG,y) " =m=P2m*G,, = 2co.
k
(G12)

One has also to take into account the fact that the Dirac distribution in r
space is now

8(n=mP€8%(r) such that /Q([) =1. (G13)
r

G.2.2. Action and Hessians

Once this is done, all the results for the instanton and the large orders
still hold without any factor m, in particular (3.51)—(3.53). The effective
action S for the potential V is rescaled into S[V] given simply by

1
§m=5[ﬂ+§fzz and is such that S[V]=mPS[V], (Gl4)
r

as well as its functional derivatives S'[V]=mPS'[V], S"[V]=mPS"[V],
etc. The instanton equation (3.41) is still

Vi + (@) —0 (G15)

and the Hessian is still given by (4.2) and (4.3), i.e. (in reciprocal space)

§'=1-0 with L, =X ~X) and 0=~

ie. @Klykz[ﬂ = / (eihli@) eiKz[(X)>(;0nn 616
X

The logarithm of the Hessian is now

tr [@k] (G17)

&=

o
£=g=logdet'[S"]=trlog [ﬂ—@] =—Z
k=1
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with in particular

tr [@]:/k@k,—k’ tf[92]=/kl /kz@klv_kz@kzv—kl’ etc.  (GI8)

Finally the zero-mode measure factor 20 is rescaled as expected

1 d/2
W=m?, W= [ﬁ /(Vrz)z} : (G19)
r

G.2.3. Instanton

In particular, this gives the variational instanton potential (obtained
by replacing the e.v. in the instanton potential {( )y by ev. in the qua-
dratic potential ( ), in (G15))

-~ 2
ng;St(K) — _e—h co/2

and by Fourier transform Xin“([) = —2¢¢24/? ¢/ (G20)
Y

var

The instanton potential expanded in normal products w.r.t. the unit vari-

ational mass (i.e. : :=: :,—1) reads
N N
vo =203 5 (52) w ()" (@21)
1 n o 2
L= —k?) V(e &P (G2
g d<d+1>-~<d+n—1>/k< ) Ztoe (©22)

G.2.4. Renormalized Quantities and Counterterms

Finally let us see how the UV counterterms and the renormalized
action transform under this rescaling. In Section 4.4.2 the one-loop count-
erterm A;S for the effective action S was found to be given by (4.104)

cr 1 Cy 1
AIS[V]=‘?1§<<V”2>V—?21f v
r
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and the renormalised effective action Sen[V] was

SrenlVI=S[V]—g: P (uL) <A1 S[V].

If we now perform the rescalings it is easy to see that
((wxn?) =mP ((ven?) and / V(H2=mP / vl (G23)
14 =y r i

We define the rescaled renormalized couplings b, and g, as for the bare
couplings (G9) and (G10)

gr=mD§r and by=mP¢p,. (G24)
Then the rescaled renormalized effective action S,.,[V] defined by
Sren[V]= mDéren V] (G25)
is given by
SeenlV1=SIV]— g 7" (L)~ A1S[V] (G26)
with the rescaled one-loop counterterm A{S[V] given by
AS[V]=m A1S[V] (G27)
and using (G23) we write A;S[V] as
aisvi=- 2 {w?) -2 ve? (G28)
with the rescaled counterterms
c,=mP~¢c; and c,=mPc,. (G29)

Now we use the explicit perturbative results (4.85)—(4.87) for the counter-
terms C; and C; and Eq. (Gl) for the variational mass m and obtain for
the counterterms C; and C,

)

(G30)

Ci= S_D ) 1+(d/2) o 2Sp F[D/(z_D)]z o 14+(d/2)
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where we remind that

Sp=27P"2/1[D/2], dy=—-2>"PTr[2—-D)/2]/T[(D-2)/2
p=2m"""/T[D/2], co/do [( )/21/ T[( )/ ](G31)

and in the limit d — oo, € fixed, C; is of order O(1) since
C=—m725 e G141 0O(1/d)], ygEuler’s constant.  (G32)

while C, is exponentially small.

G.3. Final Results

With these notations, the final results for the large orders have the
same form, with the unrescaled quantities replaced by the rescales ones.

In the bulk of the paper, when we use these normalisations, we rely
on (G11) and (G21) and omit the underlinings x for all the quantities
and the fields such as x, r, V, g, S etc.
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